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Fields commutative unital ring K st K - 90 } group

Horn ( Kil ) = { ring maps K → L }
Aut IK) = group of automorphismes , typically non- comment

Basic Facts
• 1f f- : K → L homo of fields ,

then f injective
we call f an extension

• If K is a field and V a K-module
,
V E K

" for some n .

drink ( V) = n .
Ipossibly x ,

uniquly determined
by V )

loiallary
1f K ↳ L extension

,
then L is a K - module and has

rdvinension
.

drink ( L ) = [ L : K ] index of extension

suppose K ↳ L an extension
,
on Eliment n C- L is

algebraic over k if 7 f (x ) E Kix) such that f- ( u ) = 0
=L 0

transcendental if not algebraic

Choice of u c- L uniqruly determines a ring map
Ktx) → L such that x ↳ n and entends f : K → L

Her I Kl>c)→ L ) = I

ideal in Klx )

n is algebraic iff this ideal to

We know Klx) is a P ID

If in is algebraic ,
then I = pix ) for some unique

p (x) E KC>c) momie
.

This pix ) is rallia the minimal polynomial of u .

dvg l p lx) ) = dog (n ) C- IN



Example Q C R

Z is alz over Q
,
minimal polynomial x - 2

✓2- is alz over Q
,
minimal polynomial x2 - 2
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Given FC E
,
X E E is algebraic if ring homo F1>c)→ E

has non - trivial kernel . x ↳ x

Fl x) → Fix ) C E } Image is minimal subfieldx i- x of E iontainrng F and x
.

[ Flx) : F ] = devint F (x )

n <
"

deg (pcx) ) where p = Ker (x → x )

= deg (x)

If IE : F ] L x then avery element of E is algebraic .

1f ✗ E E not algebraic ,

then transcendental
.

F ( x ) ↳ F(d) Ç E

e not a field

Example ④ lit ) C IR not a field , just a iung

If x is algebraic ,
Fix ) is a field

Define Fix ) : --minimal subfield of E containing F and x
.

Remark why should " smalhst subfrild with some
property

" exist ?

Look at all subfields of E with that prosperity
Clearly non- empty set of subfields of E (contains E )
n of fields is a field so r of subfields is a suffield
For " smalhst " to exist

, suffiras foi proherty to be préservera



by intersections .

Now does FK ) look ?

• If d abg → FIX ) = Fix)

• 1f L transcendental → f- (d) E E for some q (x ) -1-0

GH )
(min ✗ mot a solution of poly )

Fix ) E Fix) = { f- , f. g E Fix) } ( ring of national fets )
g

FIL) is really Big .

Gwin extension K C L
,
u EL algebraic

Inn ( Ktx) → L ) E L

• Integral Domain
• E Kl x ) / pc>c) , p minimal poly of u

so
, p (x ) prime ( vireduraille ) and maximal → field

Im ( Ktx) → L ) = K (u )

x ↳ u

K C K(n ) C L

[ Klu) : K ] = rdvg (p ) = dvg (u) L x

Lemma K C L extension of index n < x

If ne L ,
then u is algebraic of degree s n .

We have equality iff u generalis L over K .

proof Look at the set I
,
u

,
v2

,
. . . .
un

set has size ntl → to big to be a basis of L as a

K - vectcrspace .

So
,
Zao

, . . . ,
an C- K not all o such that

do I + a su + AZUZ t . .
. t an un = 0 .



Extension is algebraic if euery element of vodomain is
Algebraic over K .

Carollany K C L is algebraic iff L is incl - finite
i. e . L is a union of finite dminensiomal extensions .

Carollany K C E and E C F are algebraic extensions
→

K C F is algebraic .

proof Leet [ E : K ] = m
,
[ F : E ] = n min < x

F E En as vectorspvaces over E

E E Km as vectorspaces over K

→ F E ( Km )
"

= kmh as K - modules

Example V2-yil3-EQIVI.US ) ? ④ ( VI ) > ☒

F- 2 ☒ 153 ) I Q

I
,
X

,
d
'

,
&
?

, 24 must be dependant
I
,
V2 t VJ

,

5 + ZUT
,
Il VI t QVJ

,
49 t 20 ✓6-

find ✗4
-
1022 + 1 = 0 = f-(d)

Thin QUI
,
V5 ) ? ④ ( x ) but same drogue

→ ④ (VI. V5 ) = ④ (x )

survie deg (f) = 4
, f- E 4 roots .

Does f factor completely in Qix ) ? ( splits )

Yes → roots are VI + V5
.

VI
-

VI
,
✓3-
.

VI
, _
1Fr + V5 )

Definition F C E is a splitting field for fix ) E Fix) if f
splits in E and not in any proper sub - extension

④ (FT) E IR

E solves x? - 2 = 0 only one re al solution

so IR is not a spitting field for is = 2



Let's workout a basis for ¢1>c) as a ¢ - vectorspace .

Method of Partial Fractions
f- (x) . gtx ) E Elx)

,
where gtx) = ÎT ( x - ai )bi

=/ O
i =\

f-(x ) = b (x ) t cu t cu t
. . .

+ Cnd

g (x) (x- ai )
'

(x - az)
'

(x - an ) d

= bo + bi x +
. . .

+ bkxk

①Ix) has basis

I
,
IC

,
X2

,
i
- i

I I x
,
I I x2

,
1 1 13

,
. . .

I I I x - l )
,

I I ( x - l ) "
,
. . .

I I (x - L ) , I I ( x - d)
2

, . .
. Y L E E

So
,
drina ICI>c) = [ Ctx) : ¢ ] =

#
¢

.

#
»
#
µ

1- finitelygenirated extension F CE is algebraic iff finite .

E = FC di
,
. . .

.
Ln ) n L x

Pick xp E E both algebraic
Fk

, p ) = smalhst subfield of E containing F. & , P
F ( x ) C F (X

, B ) so F1 ✗
, f) = F (d)(B )

P solves a poly in Fix ) so it solves a poly in Fix ) (x )
→ [ F (x

, p ) : F (L ) ] E [ f- (B ) : F ] < x

So
, if Li , . . _ ,

Ln all algebraic ,
then FC FC di

,
. .

. .tn ) is finite .

loiollary If x , p + o both algebraic ,
then

• ✗ + A
•
&
_ A

• as } all algebraic
•
✗ /A

→
À is a subfield of e
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F = Q C ☒ (VIEGE ) = E

minimal polynomial of x is floc ) = x" - lo x ' ti
E contains all roots of f

f-(x) = (x - X )(x - Lz)(x - ✗3)(x- 24 ) Lip , 3,4 = { ± F2 ± V5}
→ f- splits in E

7f F '

ÇE such that f- splits in F
'

,
so E is a splitting field of f-

F
"

= E

Example Q E ④ ( x ) /IIIE ) - R

only one real root

f- does not split ni E

☒ c- ④ (TI ) C ④ (9T
,

- ± + F- )
roots of x } - 2 : TI

,
TI e"÷

,
ET Ë÷

Proposition Splitting fields exist .
i. e . given f- C- Fix)

,
7 E IF such that f splits in E

.

And if dog (f) = n ,
[ E : F ] = n !

proof
i ) if f- splits in F

,
donc

2) Use , choux pix) dividmg f primitive
look at FC Fi = F0 ( d ) / p (L )

In Fi , f/x ) = (x - x ) f, I x ) dog (fi ) < dog ( Fo )
By induction on deg ( f ) ,

7Fr CE splitting f- .

Theorem Givin Q : F => F
'

and f- (x) E Fix ) .

Set f ' = 41f ) and splitting fields F § E and F '

§ ,

E
'

Thin 4 entends into 4- : E => E
'



proof.
1) if f- splits in F : E = F and f ' splits in F

'

no E
'

= F
'

factor f and apply if to factors
2) Choose LE E ,

root off not in F

F C Fix ) C E bit p (x) be the minimal polynomial for x
E pix ) l f. (x )

Flx ) l p (x ) p
'
= Y ( p ) p

' l x) l f ' (x )
Then E ' splits p

'
so take x' E E ' root of p '

F
' C F' (X ' ) E F ' ( x ) l p

' lx) C E

F I x ) l p (x) → F ' l x ) l p
' lx)

[ E : F (d ) ] = [ E : F ] < [ E : F ]

[ F : F (L) ] > |

psy induction on dvg [ E : F ] < x

F (d ) ~→ F
'

(d) externats to E I E
'

lcrollary Splitting fields au unique up to iso

proof if F C E ,
F C E '

are two splitting fields for f ,
then id : F ~→ F externats to E à E

'
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IK is abgelraically closed if f c- Ktx] has a
root in K

.

If F E K is algebraic extension and if y f- C- F [x]
has a root in ki then K abgelraically closed

→
K rolled algebraic closure of F

Them V- field has am algebraic closure
unique up to isomorphisme
proof consider the infinite polynomial ring
F [ . . .

,
7C f- ,

. . .

]

where there is a geminata xp f- C- F [x]

Let's look at Ideal I C F [
. . .

. xf , . .
. ] generation

by all of the f-(xp ) t f- C- 5- [ x]

I = (
. . . flxf ) . .

. )

I =/ lo)

Is I = (1) ? On is I E R ?

Suppose I = ( i ) .
3- finite set of generation of I

fi lxf, ) , . . _ , .fr/xfr )
and gi (x

'

fi ) . . .gs/x'fs ) such that
I = Ë

,
gi (xf

'

so
, if I = ( i )

,
then it would be true for finitely

many polynomiales .

I C F [ . .
. 7f . . .

] = R

u u

I E I
'

= finite F [ Ici
, . . . ,

xr ] = Rr

Choon an extension F CE in which the finite
polys have roots
→ choon roots



Then R ' → E

xp ↳ Choice of roots

~

So I =/ ( l )

so
, using choice : I C MC R

7. maximal ideal MCR

So
,
look at RIM same field

In this field ,
[xp ] c- RIM Will solve flx f) = o

because I E M

F C K : = all elts of RIM Algebraic over F C R /

Media
of proof

R / I commutative ring freely biult by adding
a new root polynomial

F-
- R R /I = R l x

Thm

f- E FE x] is repérable iff it has no repeated roots
in its splitting field
75+1 ✓

si ×

given f , let's look at splitting field FCE and

factor f = IT ( x - ai ldi in E [x ]

all ai 's distinct

df = dflx)
dix

dix ") = nxh" extend linearly



dl f. g) = df . g + f. dg

Worthing in E
, if f =

À (x - ai ) di
i=\

df = FÉ (JI; (x
- ajMJ .

di ( x - ai )
di - t

→ if f has repeated root eg di 72 for some i
then f and df have a common factor (x - ai)

f serviable iff god I f- , df ) =\

Euclidien Algorithm : gode f, df ) calculable
without having F

Example Suppose f- (x) E FIX] is primitive over F
god If , df )

dog Idf ) L dvg (f )

If f is primitive then ut.hn
- f is repérable
- dfiso
posible vin positive characteristics

Lrt Fc E be a field extension . The Galois Group
of this extension fall E /F) = { field autos : Y : F-→ F }st 4F = id

Splitting fields have larger Galois gps than
non - splitting fields .

Gwin F CE and G L Gal IE /F) .

Can look at fixed subfuld EG = {e EE st ge
-

_ e tg EG }
¥



subgps of → sub extensions

Gal / EIF ) F C K C E

J | > EG

Galle/ K) < , K

Gal ( EIF )
V

G
>
Et fixed tof G

U

H >
E " fixed just for H

u

{ 1 } > E covariant
map

In other wards G
→

EG is amFnap of
ponts {subgen } → {mtfùlds }of Gae of E

GallElk) < | K

"

autos of E
that fisc K n

U

autos of E L I

Lthat fisc L

U n

{ t } < i
E

we have covariant maps

{ subgpsGali E /F) }
> { sulextensions }

< of F CE
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Given a field extension F ↳ E
. Define Gall E / F) =

{autos on E
,
constant F }

Then consider

{ subgps{ subsesctenrions } Galle /F) }of E

F
<

> Gal ( E/F)
^ EG

<
U

K > G all Elk) G
n u

E
<

> t

1-ntimap : if K E L then Gal ( E / L ) E Gal (Elk )
if H E G then EG E EH

start with

F

n

K > Gal ( Elk ) >
[
Gal ( Elk )

n u e sub field of E
E > K id on subcsctensions

s composition

Maps of ponts for ponts .

Posets are special types of
categories .

snap of pont = furuta
if ✗it both ponts ,

then

maps (✗il) :
-

_ { f- : ✗ → Y stifxisxzthvnf.la ) « fix»}
is agonir a pont where : fi Sfr → fil>c) E fa l x) Vx



G
>
Et

> Gal ( El EG )
n ' "

Gal (E /F) G

1-gain , composition >, identify

Def Givin two posets x and Y
,
a Galois Connection

between them is a pouir of contravariant maps
f- : ✗ Y : q such that

indy Efg and idxsgf

fgf = fg of Iidx of = f-
Ià,

1- ° ?¥y× ± f0 gf = f-

fgf = f- gfg =

g

k > Gall Elk ) >
EG"'" " )

> Gal (Elk )

= Gal ( E / E Gal
(Elk ) )

Define KEE is Galois if K = Egal
't ' " )

.

G >
Et

> Gal ( E/EG ) >
Egal (E /E-

°)

"

GalletF)

Prop VGE Gall E /F) , EGEE is Galois



Zemark about categories

Posets C- Categories ← set of objects
given x , y objectsp there is a set way for x c- y

set of transitive : x E y , y
± z

objects → x E z
motion of s

"

composition
"

tranirtivity

Given categories ✗il
,
a dual adjuration is a pouir

of contravariant factors
f-: ✗⇒ Y : q

and Mays such that
id" < fg idx & gf

such that the induced way for fsf and gsg are
the canonical "identify

"

ways

An adjuration is a parir of covariant factors
idx >, fg idxsgf

f- = Uff adj g-- right adj
gt f-

Remarks : Suppose f- : ✗→ Y is a contravariant

équivalence ( of ponts )

7g : Y → ✗ other contravariant map and isas

f-g = idy and gf = idx

~> lumtravariant ) équivalences are escomptes of dual
adjonctionsFFoovuspondinu-Fonnect.vn



G = Gall E /F)Fundamenta Theorem of Galois Theory
suppose F CE is finite and Galois .

1.Then
,
the Galois connection {subexts}=> { subgroups}of E of fallEIF)

is an équivalence .
(anti) isomorphisme of posets

In particular , euery urtext KEE is Galois

2. FCK is Galois iff Gall Elk ) C Gal ( E/F) is normal .

In which case , Gall K /F) = quotient group
fall E IF) I Gal ( Elk)

3. l E : KI = # GallEl K )
IK : F1 = # cout space Gal ( E /F) / Gal (Elk )

fan 17
Primark Givin any Galois connection f: ✗⇒ Y :

q of
ponts , x e x is closed it " = 9f""

{ x « gfcx) }FCK CE → K is closed iff KC E is Galois y & fgly )
Vx C-✗ N'YEY

In the ease of Infinite Galois extensions F CE :

• curry intermediaire K is indeed closed

• Gal ( E /F) has a natural topology and the
closed subgps are the closed subgps

Lemma suppose F CE any field extension
F Gal ( E /F)
n U Thin

,
[ GallElk ) : Gal ( E / L) ]

K Gal (Elk ) E [ L : K ] E IN U {x }
n - U

L Gal ( E /L ) [ GallElk ) : Gal ( E / L) ]
n U = # Gal ( Elk )
E GallE /E) = { 1 } #Gal(E



proof

Trivial : [ L : K ] = ne [ L : K ] = I

We indirect on n : = [ L : K ]

Pick u E L \ K
.

Lit plx ) E Ktx] its minimal poly .

k : = dvg (u )

ThenKCKT.hu#L-p-nTkLnIfnIk
> I

,
then n > k and true by induction .

Because if given H C IC J inclusion of gps ,
then

[ J : H ] = [ J : I ] : [ I : H ]

Only rase left to consider is L = K [ n]

A- Gal ( E / K )
WTS

E n = la

#Gal(E

Gwin T c- Gal (Elk ) representing vont [T ] .

Look at To u E E . 1-gain solves p (x ) .

If [ T] = [ T' ] then I = T
'

o O
,
O E Gal ( E I L )

Ton = T
'
o O o U = T' on

→ ne lrirlt a map Gal ( Elk )
gal(

→
roots of p in =L

Show that [t ] 1- Ton is an injection .

1f Ton = T
'

o u then I_
'

( I ' ) ou = u

so I
- ' I

' arts trivially on KEn] = L

SO E
'

I
'

E Gal ( E / L ) so [T ] = [ T' ]



Lemma For any FC E with Galois group G

Et G [ E " : EJ ] E [ J : H ]

n u

EJ J

n < |
U

E" H

r u

E I

Courchamp If F C K C L C E and K is closed and KCL

finite ,
then L is closed .

If Gal ( E /F) J J J H I I and H is closed and H C J

finite ,
then J is closed .

proof idva K - K

L ~> =L because Galois connection
E L because lower index of KCL

Gwin F C K C E
,
K is stable in FC E if Gal ( E / F)

prescrives K as a set .
HE E Gal ( E / F), Il K ) = K

Lemma If K is stable then Gal ( E / K ) C Gal ( E / F)
is normal .

• If J C fall E /F) is normal , then FC EJ C E is stable

If F C K C E and FC E is Galois and K stable then

F C K is Galois .

Idra If K stable .

3-map Gal ( E / F) → Gal ( K / F)
namely

"

restrict to K "
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If given F C K C E with F CE Galois then FCK Galois iff
Galois ( Elk ) C Gal ( E /F) is normal
Gall K /F) = quotient group
Gal ( E IF) I Gal ( Elk)

Recall an algebraic extension F CE is splitting if
any vin chui ble poly over F with a root in E

,

splits vomphtely in E
.

F CE is supercible if vireducible poly in F with a

root in E is serviable (its roots mi E are distinct )

Them FC E Algebraic is Galois iff sphtting and
serviable

proof
→ algebraic + Galons ⇒ splitting and serviable

Lit F CE Galois and u E E and pix) E Fix) minimal

polynomial .

Lit ni
, . . . .
un be distinct roots of p in E

.

NI pcx) = ) in El>c)

Certainly q(x) divindes pix ) over E .

Gal ( E /F) arts as permutations of {ni , . . . sur } .

i. e . if I E fall E IF ) the T .
ni will be a root of

T.pl>c) = pc>c)

→ Gal CE/F) fixes q (x ) = ¥
,

(x - ui )



So it fiscus all coefficients and since FC E was Galois ,
q (x ) E F1 >c)

{ Euclid if q(x) divide pix) m' Elx) then it does so in}
f-(x ) .

But we assumera p viredriuble so q =p .

Proof of Fundamenta Theorem of Galois Theory

Leet FCKCE with F CE Galois + algebraic

Recall K is stable if Gal ( E / F) fixes K as a set

Then
,
we get restriction map

Gal ( E /F) ¥> Gal IK / F)

hier (reset K ) = Gal (Elk )

WTS .
K is stable iff FCK Galois (a )

• rest k is surjective [ b)

(a )

← F C K Galois then it is spitting and surveille
so any u E K and I E Gal ( E / F) .
Then t.ir salves same minimal poly as we

.

Since K

is splitting-c.ir c- K
.

→
Trivial unie assumera F CE Galois .

(b) Gal ( E /F) ¥> Gal IK / F)

In the vase F CE finite :

F C K C E all Galois → # Gal ( E / K ) = [ E : K ]

# Gal ( E / F) = [ E : F ]

# Gal ( K / F) = [ K : F ]



But , [ E : F ] = [ E : K ] [ K : F ]

50
,
#Gal ( K / F) = # Gal ( E / F)

# Gal (Elk )

GallE ↳ Gal ( KIF )
Gal (Elk )

General case
F C K C E all Galois

WTS any I : K ~→K entends to E but E is spitting
over k ( because its Galois )
put we know isos extend to splitting fields .

K C E , C E z C E 3 . . .
CE = Û EK

each Ei finit splitting es

"

Üension

Ca un a
T ~> Te ~> Te → . . . define Tro : E → E

by if u EE then ME some Ek so Ire - u = Tk . u .

So Far Givin any F C E
, Galois connection

sutexts
> subgps of

of F CE < Gall EIF )

If Fc E is Galois and algebraic ,
then

= id

If Fc E is also finite

① = id



If Fc E is Galois and algebraic ,
then splitting and

repérable .

← If Fc E is algebraic , splitting and repérable _

then

Galois .

WTS if u E Elf then 7T E Gal ( E / F) st T - n ± u .

u E ELF so u is algebraic ,
lit

p (
x ) t F1>c) its

minimal polynomial .

Observe since u ¢ F
, deg ( p ) > I

since E is spitting , p splits over E
Survie E is serviable ,

roots of p are all different .

→
7 n' c- F- also solving p
±

(
Klu) C E

so
,
look at F I Kim> entendit spitting

C Klu' ) C E
'✓

So
,
we built T -

.

E
→ E st TIF = id but T

.
u = n

'
.




