
If Fc E is Galois and algebraic ,
then splitting and

repérable .

← If Fc E is algebraic , splitting and repérable _

then

Galois .

WTS if u E Elf then 7T E Gal ( E / F) st T - n ± u .

u E ELF so u is algebraic ,
lit

p (
x ) t F1>c) its

minimal polynomial .

Observe since u ¢ F
, deg ( p ) > I

since E is spitting , p splits over E
Survie E is serviable ,

roots of p are all different .

→
7 n' c- F- also solving p
±

(
Klu) C E

so
,
look at F I fu, un> entendit spitting

C Klu' ) C E
'✓

So
,
we built T -

.

E
→ E st TIF = id but T

.
u = n

'
.
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If F is a finite field ,
then it has positive

characteristics .

Exemples of finite fields

Fp = Blip ) p pruine

F3 = { O ,
I

,
- t } → - I is not a square

so F3 ( VT ) = F3 (x ) l ( X2 + 1) → is a field

In F5
, -

t = 22 so F5 (x) l (x2 + i ) is not a field



Givin any nnirtal commutative ring ,
7 ! unirtal map

27 → R

Kent 27 → R ) = ( m)

If R is a field then (m) is prime or 0

#aracteristic

of the field chan IR )

1f char (F) = O then F > Q "
a national field "

1f char ( F ) = p > o
,
then F > Fp

Fun Exercise

Ring homomorphisme 27 → Q is epic and mamie not ±
27 → 27 p is epic not morris

Q

a C F are valld pruine subfield of F
Fp

Lit F be a finit field of onder q < x .

Then I ¢ F so char (F) = p ,
some positive pruine

number
.

And Fp CF is finit field extension of drag n < x -

Must have q = pn ,
a prime power .

Survie F is a field ,
F- {0} is a finit abelian group of

onder q - l .

Evvy finite abelian group is a product of aydie groups .

1f en × Cm cyehi group iff Im ,
n ) =\ lrrlatively prime )

1- finite abelian group can fail to be cyclise iff it
contains a subgroup ± Cr x Cr for r ,

a prime .

lan 5-* > Cr ✗ Cr ? No .



Because if Cr
?
C F

,
then F contains at least r2

roots to xr - 1
. Put if r prime then r2 > r .

Them If F is a finit field ,
5- * is cycline of onder q - i

for some q = pn .

Carroll
any
In EF such that F = Fp (u) . Namely pick u

any generator of cryclic group 5-* .

The minimal polynomial of u has digne n
.

Example F3 (VI )

-
l + VT × - V7 ×

I TVT u = \ + VT has onder 8 in

F.§ VT ) .

What is the minimal
-
i '

i

polynomial ?
-
l
-
UT

x -

p,

x l
-
V

U2 = I t 2nF
-

t = 25-1 = - VT = - ut \

→ v2
-
ce + I

Gall F / F3 ) = 2712

# fall any field extension ) E dvg ( field extension )
with equality for Galois extension .

Lit F be a finit field of onder q = pn .

Remarla char (F) = p [F : Fp ] = n

Look at rvdnable polynomial f-(x ) = ✗ 9
- x c- Fpcx )

• if x = 0
,
✗ 9

= x

• if x to ,
x E F# ( group of arder q - l ) ,

so x 9-
'

=\ and

x 9
= X

→ f-(x ) = 0



flx ) has drag = q so q
distinct roots in F

.

So F is a sphtting field of f over Fp and f is serviable .

1) Spitting field unique up to ± { F9
is

weltif # F = #F ' L x → F Î F '

defined }So any two extensions of Fp of same degree are I for any
prime

→ false for ☒ ! pour ofq

2) Serviable splitting filets au Galois .

if F is finite of arder q ,
them Fp C Fq is Galois .

Its Galois group has onder is where q = pn .

3) Fq exists
I the field of aider q
→ the spitting field of x I - x

4) 1f Fqc Fq ' any inclusion of finite fields ,
then Galois

when is there an inclusion Fq C Fqi ?

• No
, if char don't match
→ q =p

"
and q = pm

• No
, if m ✗ n

• Yes
, if m In

If m In ,
then XP

"

- x dindes XP
"

- x over I so also

over F
.

Finite fields of char =p
Fp Fpz Fp? Fp"
This poset is a copy of the pont of positive integer sorted
by divisïrlity ± •

Suppose F
,
a field of chan p .

Consider

Fr : F
→

F

>c → XP



(✗ + B) P = XP + ( P ) XP
"

B + . .
. + (Pp. , ) xp P

- '

+ PP

→
= XP + PP

4 is fuld homomorphisme hence inclusion . If F is finite ,
y is ±

.

Lit F = Fq , q =p
"

,
then Y

"

1F = id 1F
.

On the other hand
, if 4

"

le = id IF
,
that would solve

XP
"

- x . So find points of Qn roots of XP
"
- x

,

E p
" of them .

4MF =/ id IF if kan

→ Gal ( Fpn / Fp ) is my clic group of aider n genvrated by
Fr iso 4 .
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Fise pruine p > o .

Thecall For each p ,
J ! I up to is o ) fuld Fpn of aider pn .

Gall Fpn / Fp ) is my clic group of aider n genvrated by
Fr iso Q : F

→
F

>c ↳ XP

If R I Fp is a commutative ring ,
then (x + g)

P
= XP + YP

so Fr : R
→ R is a ring endomorphisme .

What is the abgraie closure of Fp ?

Fp c tp has to be algebraic so any dument in F-
p
lives

in some Fpn c Fp and all Fpm are in Fp =

Fpc
, Fpr

Fp Fp} C Ff0

Fps



2712 Fpz
Et

Fp4

Fp
27/3

27/6
Fpb

Whaterror Fp is ,
it is a splitting field .

So
, Fp C Fpn C tp

We have Gal ( Fp / Fp) → G Fp )

Z/n

More over , fall Fp I Fp ) → Gal ( Fpmn / Fp ) = 271mn

,
} standard map

>

Gall Fpn / Fp ) = 27 /n

Any endomorphisme of Fp is non - trivial on some finite
extensions .

-

We have a diagram of groups

274 ① Fp" ☒
> 272 Fpas

G
- _ .

> 276 #3 >{Zi . . . Fpo { Fp? 4 Fp
> Fps L

z, ,
Ils

Fp
"
le

Gall Fpi /Fp )

The projective limit , projlim (D) = fuir (D) is the group
such that if G is any group

that
map to all entries

in the diagram , making everything commute then
we should have G

> hin (D)
C



Slogan fin (D ) is the universal object with a map
to the diagram from itself .
Dual him

>
(D) is the universal object with a map from

the diagram to itself .

finir
.

(D) > D D > fin (D)

Duignan of all cyclise group

finir l . . . →
271mn → En → . . .

) = Gall Fp / Fp )
p

1 →

27 Fr : x i > XP

Pick l = to
, get the diagram :

-
: . →

27/l" → 27/13→ 27112→ 27/l → 27 / \

^ ^ T

. .
.

bast 3 bast 2 ons digits
digits digits

so
, any sequence of digits num if it you x to the

left , still has a resident mod ln tn .

Taki infinite sequences of digits
- . . A 3 92 ai ao

+
. . .

bz bz bi bo

s s
sN -

o

+
+

g +

s - s
N

+
☐

+

§ }



Definition De is the sit of infinite to the left sequences
of digits in base l .
De collect tactic integer
It is a ring because you can add a multiply from
right to left .

drainait expansion
Z C El as the eventally zero expansion .

Nour
,
l = - 5

.

What cheminat expansion base 5 of - 2 ?

-
2 = 3 mod 5

-
2 = 23 mod 25 _

2 =
. . . .

4443

Il

4×5 + 3

-
2 =

4 × 52 + 4×5 t 3 mod 125

I I

. . .
4 4 41 3 Slogan No room to the left

t - i - O O O Z for minus signe .

- . .

O O O O

what sucrinal expansion base 5 of '12 ?

1 = 6 mod 5
→

'12 = 3 mord 5

→ 3 is the unique solution of 2x = I mod 5
.

42 = 3 mod 5 112 =
. . .
2223

1/2 = 13 mord 25 2×5 + 3

112 = 63 mod 125 2 ✗ 52 + 2×5 + 3

112 = 2 ✗ 53 t 2 ✗ 52 + 2×5 + 3

- .
.
22 2 3

. .
.

"

2

"

z

"

2 3

✗ . . .
O O O Z t . . .

2 2 2 3

O O I O O I



So
,
the finite length expansions are

"

dense
"

in Be .

Projective limites are often through of as topolagical
objects .

finir l . . . →
271mn → En → . . .

) =
Â = Gal Ép / Fp )

p
1 →

Il

27

Frimes /l
l C- prime

27/n = IT BI ln
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1f FCE extension of finite fields ,
then Galois .

Fisc p > 0 char .

Fields of char (p ) have a distinguished endo
Fr : n i s ut (Inf )

In finite frild vase , Galois 1F / FP ) is myclic =

"/ devin #

Fr is E Galois ( E / EP ) = 27 / chinois (E )

so
, Gal ( E /F) =D-

[E :p]
TMM

athol by Fr
[F : FP]

In the infinite ease
Example FP ( t ) ← rationnait fct field over Fp

field of fractions of Fp [ t ]
Typical element : f- (t ) fig are relatively prime in Fptt]

g ( t )
Fr ( f- (t ) ) = Fr1 ao + ait + . . .

tant
" ) = ao + ai Frit) + . _

. + anfr ( tn )

git)
= f- (TP )
git P )

Remain In this ease Fr is not surjective
t E Fp [t] ,

t =/ Fr ( anything )



Set s = TP = Frit )

Fp ( s ) Ç Fp ( t )
← image of Fr

K = Fp (s ) Ç Fplt) = L

K E L is algebraic

L = K [ ils ] algebraic extension of degree p .

K C L : What is the minimal polynomial of t in K [ x] ?

W
>xP-slvireduu.tk in K [ x ]

Definition A polynomial fisc ) E Ktx] is séparable if
in some spitting fired of f- , f has no repeated roots .

This happinsiffgcdlf.fi ) =\

Definition A polynomial ftx-ck-xt.is pwulyÉtole
if in some spitting fired of f- ,

all roots of f are the
same .

This harpons if fix ) = (x - a) P

Remark f- both serviable and purity inséparable if it is
linear

.

1f K C L an abg extension and u E L ,
u is serviable

over k on prvuly inséparable if minimal poly
f- (u ) n .

1f f. (x) is irrecevable
Them goal f. f

' ) = { '

o

f
'

-1-0

f
'

= 0

[ ao + aux +
.
. . + anth ]

'

= ai + Zaz x + . . .
+ papi

' '

is zero if folx ) = f-
'

(XP )
.



Lrt Kc L
,
u EL alg .

→ u is serviable or minimal poly of u is f- (x) -- fi (XP )
So UOP = Ui .

Roots of fi are pth pervers of roots of f-o .

After passing into a splittnng field of f-o , we find that
fi also splits .

If fi is not purdy inséparable→ so is fo

If fi is purdy inséparable→ so is fo .

fi has orly I root
,
roots of fo are Pui

If chan =p then (XP - 1) = ( x - HP so I has only one pth
root so euery éliment has one pth root .

Lrt Kc L
,
u EL alg .

→ u is serviable or u = PVFJU and either Frn is

serviable ou repeat
min poly of u is glu P ) where g is min poly of Fr (u )

so some UP
"

is superallie for some k : Frh ( n)
.

u is purity inséparable iff Frin) is purity inséparable
iff Fr2 (u) is purity inséparable . . .

1f KC L ,
u EL alg ,

then u is purity inséparable
over kiff after apptymg Fr some # of times you story
in K

.



{ purity insepelements of L } = Fr0 ( K )
"

L insep

lcrollary
Linsep is a field .

Theorem

F C K C E

→ if F C K and K C E alg and Galois then
F C E is alg and Galois I not true )

Theorem ( i ) LM and Limit are subfields

KCL abg extension

←
purity insep

( Lineup = {purity inséparables } c

k
←purity insep L

C LM = { purity npvrable } U

(z ) LM C L is purity inséparable
→

Limp C L is super aile iff Lsep ✗ Limp

(3) 1f KCL is spitting thenso are Lup
,
Lineup

,

and K C LM and Limit C L are Galois .
Gall L I K ) E fall LM I K )

I Gal ( L / Lineup )

Remonte 1f F CE is purity inséparable then
Gal ( E / F) is trivial .

Normal : K C L
,
n c- L

,
min poly of u splits completely

over K
. If viredncible poly over K has root mi L then

has all Roots in L .



jovial
> msn.hn

alles
g

G
>

K
>La

jovialG
> syurabhs
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1) spitting
Theorem 2) seperablr
F C K C E

→ if F C K and K C E
'ahg~lyalo.us then

F C E much not be Galois

Am algebraic extension F CE is normal if for any me E ,
the minimal polynomial of u over E splits vomnhtely
over E

.

Suppose E = F lui
,
. . _

,
un ) .

The minimal polynomiales of
these ui 's split completely ,

the tu c- E
,
the minimal

polynomial of u over E splits vomphtely ni E.

proof Yet f minimal polynomial of u .

Look at F C F(u ) C E C E ( _ . . )

( on the honneuroula )

This part of a pattern where if E = F lui
,
. . . .
un ) and all

the mi ' s have some property ,
often

,
all n c- E have

that propurty :

Example
• 1f all ui

'

s are prvuly inséparable over F then tiret is .

ni is prvuly inséparable iff FM (ui ) E F for large N
.



1f all ui 's au prvuly inséparable over F ,
then

FM E E F N >> 0

• If E = F1 ni
, . .

.

.
Un ) and all mi 's arr super cible then

Yu E E is seprrable .

proof Lit f- minimal polynomial of u
Leet u E E
F C Flu) C E C K = spitting failed of ui

'
s

we proved that FCK is finie and Galois by country
size of varians Galois group .

1-md , urry element of a Galois extension is serviable .

Serviable ← sub of Galois

Let F C E algebraic

←
purity insep

( at innp = {purity inséparables } C
F E

<

saturable
E sup = { pwuly superalle } U

both fields and stable I we have restriction maps )

Gal ( E /f) a
Gal ( E rep / f)

↳ Gal ( E insert F)

Because these subfritas are stable we get a left - exact
sequence :

f stable F C K C E

1 → Gal ( Elk ) → Gal ( E / F) → Gall K / F)

Recall : f- sequence of groups I → N → G → K is

left _ exact , if N → G is injective and 1m N = Kurt G→ K ) .



Gal ( Einsep / F) is trivial so
Gall Et Einsep ) → Gal ( E / F) is isomorphie .

In particular E GallEIF ) ] Einsep
.

Also
, if F C E is Galois , no inséparables .

c
timp

= {purity inséparables } c

F à pureby insep
C
K C E

C E M = { purity npvrable }
le U

inséparable à quvreby insep
Theorem In the diagram
Yet K = Einsep EMP

,
then Enim C E is serviable iff K = E.

prof
Einsep c k serviable <

. > if Einsep CE is nprrable then K is serviable

put k c E is purity inséparable . Must have K = E

Theorem If F CE is spitting , all subextensions are

Spitting :
F C E sop

,
F C EÏMP splitting .

• FC EM is Galois
•
E insert is Galois

If FC E is normal , Gall Et Einar ) > Gal ( E / F)
> Gall EN | F)

I both and Galois


