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1) spitting
Theorem 2) seperablr
F C K C E

→ if F C K and K C E
'ahg~lyalo.us then

F C E much not be Galois

Am algebraic extension F CE is normal if for any me E ,
the minimal polynomial of u over E splits vomnhtely
over E

.

Suppose E = F lui
,
. . _

,
un ) .

The minimal polynomiales of
these ui 's split completely ,

the tu c- E
,
the minimal

polynomial of u over E splits vomphtely ni E.

proof Yet f minimal polynomial of u .

Look at F C F(u ) C E C E ( _ . . )

( on the honneuroula )

This part of a pattern where if E = F lui
,
. . . .
un ) and all

the mi ' s have some property ,
often

,
all n c- E have

that propurty :

Example
• 1f all ui

'

s are prvuly inséparable over F then tiret is .

ni is prvuly inséparable iff FM (ui ) E F for large N
.



1f all ui 's au prvuly inséparable over F ,
then

FM E E F N >> 0

• If E = F1 ni
, . .

.

.
Un ) and all mi 's arr super cible then

Yu E E is seprrable .

proof Lit f- minimal polynomial of u
Leet u E E
F C Flu) C E C K = spitting failed of ui

'
s

we proved that FCK is finie and Galois by country
size of varians Galois group .

1-md , urry element of a Galois extension is serviable .

Serviable ← sub of Galois

Let F C E algebraic

←
purity insep

( at innp = {purity inséparables } C
F E

<

saturable
E sup = { pwuly superalle } U

both fields and stable I we have restriction maps )

Gal ( E /f) a
Gal ( E rep / f)

↳ Gal ( E insert F)

Because these subfritas are stable we get a left - exact
sequence :

f stable F C K C E

1 → Gal ( Elk ) → Gal ( E / F) → Gall K / F)

Recall : f- sequence of groups I → N → G → K is

left _ exact , if N → G is injective and 1m N = Kurt G→ K ) .



Gal ( Einsep / F) is trivial so
Gall Et Einsep ) → Gal ( E / F) is isomorphie .

In particular E Galle/F) ] Einsep
.

Also
, if F C E is Galois , no inséparables .

c
Einar

= {purity inséparables } c

F à pureby insep
C
K C E

C E M = { purity npvrable }
U U

in serviable à quvrely insep
Theorem In the diagram
Yet K = Einsip EMP

,
then Enim C E is serviable iff K = E.

prof
Einsep c k serviable <

. > if Einsep CE is nprrable then K is serviable

put k C E is purity inséparable . Must have K = E

Theorem 1f F CE is spitting , all subextensions are

spitting :
F C E sop

,
F C E insert splitting .

• FC EM is Galois
•
E insert is Galois

If FC E is normal , Gall El Eimer ) > Gal ( E / F)
> Gall EN 1F )
I both and Galois
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Suppose KCL finite extension

K C maximal serviable subext CL
à purdy insep



automativally trivial
ni char = 0

mi chan p ,
its

adjaining F
Definition
A field K is perfect if euery finite extension is
superable

Example
• char = 0

• finite
. rabgelraically chose
Non Example
F-
p ( t

)

Lemma (corroborez ? )

Leet K C L is finite and repérable , then there are
only finit ely many subextensions .

proof
Sinn L serviable ,

we can find a feinte Galois
extension KCLÇE .

Galois

# Gal ( Elk ) = [ E : K ] <

So
,
K C E has only finitely many subextensions .

So K C L too

Proposition
Leet K C L is fiente and serviable , then L = Klu )

for some u e L -
This u is collect primitive .

proof
Choon u EL such that [ Klu) : K ] is maximal .
Puts any v EL -

Look at the fields Klux arr ) C L
f- on a C- K

( If #Kc x do it directly )
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,
7 a =/ b with K I u + av ) = KIM + bv )

u t av
,
un + bv E K (u + av )

N = (u + bv) - ( n + av ) E K (u t av )

( b - a) Ul

Klu )
so u is as null .

It must be aquae by maxvinality .

lhoox an algebraic closure I IK
Galois nnprvuly insep
~

K C K
S
C I

î
uperavec closure

for any K C L finit and serviable ,
7K - linear

homomorphisme < ↳ Ks

If Kc> L finite (not muss arihy serviable )
7K- Uniar inclusion L ↳ I

Gal ( I /K ) ± Gal (Ks / K ) : = Galah ( K ) = G

so for any srpuravle KCL , if I pick L ↳ I
,
then I

get a subgroups of G . J E G

[ L : K ] = [ J : G ]

Now does this subgroup depend on the choice of
homomorphisme L ↳ K ?

L ↳ KS = E original
vs id % g
1- ↳ E

'
= KS different inclusion .

Gevin two inclusions ,
I can thinks of then as

different extensions to spitting fields .

put , we know hour to extend Ès to spitting
fields .



L is I
ci
, g.

Jg ~> J = Gal CI / il L ) ) = {g c- Gst gi = i }
J'= Gal (I I i>IL ) ) = {g EG st gi ' = i. }

Ji
J'=P conjugale the subgroup
J E J

'

by g t > 8g 8
"

On the other hand
, if J ,

J
'

conjugale subgroups
of G ,

then fields ( Ks ) J ( Ks ) J
'

are is as

lonclusion
The category of fïmtr serviable extensions of K
- obj : fribd extensions K col serviable and finite
. → : Hom ( K ↳ L

,
K ↳ L' ) = horn K ( L

,
L' )

the K- timar rings homomorphismes

There is a bijection of sets between the set
{ mio chassis of finite syuravle extensions of K }

±

{ vonjugacy classes of finite subgroups of a }

Juvin J C G → G / J = ✗ sets of couts ,

Thin G arts transi tively on ✗ by y DHJ = gh J

On the other hand
, if x is any finite set with

a transitive G- action G ✗ ✗ → X and if pick
>co C- ✗ reference element .

J = stat (Xo ) = {g C- G such that g >
co = xo }

[ G T ✗ ] ± [ G J G / J ]

is o of G - sets

unique such iso which talus xo → [ | ] EG/J

If you choon a different reference point oxo for
some J

,
stat ( Jaco ) = Jo conjugales surgroups



{ finit sur groups of G up to conjugaison }

î

{ transitive finite G- sets up to isomorphisme }

There is a contravariant Equivalence of categories
{ finite serviable extensions of K } K C L

-

v

{ transitive finit G- sets } GO homxl L
,
K )

KE homo ( X
,
I ) → sit of functions f- : ✗ → E

^

mchthatflgx)=g.flx)_
Gwin J - set ✗ A commutative ring that

contains K
.

Givin KCI the constant function x → a x is

indeed G- equivalent .

Fet 2

Fisc a field Ik
.

Consider the category { com 1K - algebra }
Pick some

"

une finance
"

object R W
,

G : = Autr ( R )

get a contravariantfunctcrhomcomx.orgC-
,
R ) : { com K - alg } > { G- sets }

This funston has a Idual) adjoint

Gavin ✗① G
,
write down homo ( X

,
R ) E Comic

Claim These funston ,
home 1- .

R ) :

{ com K - alg } > { G- sets }
are a dual adjurationTF-Egeo.rs

connections for urtext Kc> L



f- dual adjuration is a pain of contravariant
function F : C <

> D: G and natural transformait
if : idee ⇒ GF

, Y : id @ ⇒ FG

such that

F = F ☐ idee G

^ ^

| F14 ) 614)

FGF GFG

n
^

✗ (F) Y (G )

id o F = F G

Recall a natural transformation if : idee = > GF
Y ✗ c- C un amour QIX ) : ily (X ) > GFX

I
such that Hf : ✗ > Y

idio ✗ Y×
>
GFX

idiot 66f
v v

idiot >
GFY

Yy

Givin this data , FQX = F ( ✗ GFX )
FX

<
FGFX

F4 is a natural transformation F ⇐ FGF

proof of daim

To qui you maps
va c- comic A

>homuçhnjg"nYaY"



a t > ( 1f : A > R ) \ > f- (a) )

X E Seta ✗ R )

x i >
" evaluation at x "

home ( A
,
R ) >

homlhom (home I A
,
R )

,
R )

,
R ) > horn lA , R)

f i >

from l-
i R )

Com K- alg < > Seto

Hour nice are these fumiers ?
Are there équivalences of categories ?
Mayte just on some subsets ?

Do they play null with monoidal structures ?

Gwin commutative K- alg A
,B ,

•
I can build A ⑦ f ( ⑦ not a dvient sum op )

il + of undnlying v. spaces
( a. b) ,att.tt}

Ca , b) . Ca
'

pb
' ) = ( aa

'

,
bb' )

•
I can build A ④f ( ④ of undvrlymg v. spaces )

Il

la☒ b)
,
a C-A ,

b C-P

Make A ④B into a von K- alg by declaring on
prvn tensons (a ④ b)la

'

④ b
' ) = aa

'

④ bb
'

Givin ✗ ② G. YO

•
I can build ✗ WY disjoint union : ut of ✗UY either

in X my

.
I can build ✗ ✗ Y cartesian union : ix. y )



Primark × is IT in set

LI is I in set

to is IT in comic

④ is I in comic

p

honk ( 1- ④ B ,
R ) < grvin as am alg by a ④ I

,
I ④ b

Gevin any f : A > R and q : B
→ R

f- ④ g : A ④ B → R

a ④ b i > f- (a) glb )

fig horns
,
so is f- ④ g

- ± home A. R ) x hom If ,
R )

is of G - sets

homk CA ⑦ B ,
R ) I from IA

,
R ) I hom (P ,

R )

î night not be iso *
lmiar map A > A ⑦ B

a t > Ca
,
O )

not unitat algebra

Gunni f- : A → R we can define A ⑦ B > R

Ca , b) 1- f- (a )
g :P → R A ⑦B → R

(a)b) ↳ g (b)

* is iso if R has no zero - div ( Rafinha )
hl (1,0) ) fr10,1 )

'

= o so either ( I
,
O ) l > O

( O
,
I ) l > 0

but ( I
,
O ) + ( Oil ) = CI

,
I ) l > I

for any R
,

G : = Autr ( R )

from /
_ ,

R ) : Corny- Seto

1) has a dual adjoint
2) tatie ④ > ✗

3) if R find ⑤ > w (connectivity condition)



Compare Pita a topologvial space T
get covariant funston
from top I T , )

top s sit

IT I > IT any T

I \
?

> *

horn I T
,
X WY ) I from IT ,

X ) W horn IT
,
Y )

î iso iff T connected
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Let's fisc a ground field K
,
commutative algebra 1-

→ get a contravariant adjonction
comx <
→ Seto

(
think of this adjuration

tvomkl- il ) homo 1-
,
L ) as version of Galois

connection)
Side Remark 1- covariant adjuration

F : C I D : G

and natural isomorphismes

homjt-IDI-homel-c.GS)

F is left G is right
adjoint adjoint

F C D G

homkl-
,
L ) : Comk ← Seto : homo 1-

,
L )

/

We have the natural isomorphisme :

homo ( D ,
FC ) = honnie (C

,
GD )
-

both on the right
Both rides are functions from a ring x sit > L

T T
comK G -set



All maps are G- equivalent .

Now do we make this adjuration into an
Equivalence ?

Example ⑦ → u if < field
④ \ > ✗

✗ | > ④

W | > ⑦

When does Comics < Seto take one point G - sit tok ?

homo ({ . }
,
L ) = La

> When KCL is Galois

Example
What if K =L ?
G is trivial.

lomx < Set

K - naturel < , V

fets on ✗ ✗ ✗→ evcx)

vTÉ "

> homk ( Kl X )
,
K )

Is this am isomorphisme ?

Yes when x is finite : # ✗ < x

> then Klx ) = ⑦ K Six) Sexy = { 1 ✗ = y SE = Sx
✗EX

0 ✗ ± y 1 = E Sx
✗EXwhat if #✗ = ✗

?

1f K finite > no

If K also infinite > often is a iso

Any commutative has a masc Spec .

max Spic (R ) = {maxvinal idiots of R }
= { fried quotients of R }



Gwin ME maxsprc , get field RIM

Fm En
maxsprc : | | . .

.

O G O -

If RE lomx then these fields contain K

max Spree ( K (X ) ) K K
=

| | . . . M = Kcrlevlx))

O G O -

x

w au points at x : strict ly nonempty ifx infinite
the fields at x are » K

K =L

Comis < finite set
K ( X) L I X

Image : those algebras ± ⑤ K
✗c- X

K C L Galois

Comx < finite Seto
home (X

,
L ) < , ×

|
>
homx (homo ( X

,
L ) ,

L )

1f ✗ finite , you end up back where you started .

→ ( disjoint union of orbites )
suppose × finite G - sit .

Homo ( X
,
L )

"

⑦ ( version of single orbit )
orbites

î pieds



If x is a single orbit
,
them home ( X

,
L ) is a field .

homo ( X
,
L ) = R

Look at R ④ K L E drink ( R ) many copies of L
• when KC L is finit
Thun finite Seto has a favorite ehmmt

L < ( G D G )

T T

lomk multiplication action

Taki any G -set : ✗ ✗ G with diagonal G- action

G = Z / G

G O G Î
> . > . > - > - >

.

✗ = 2712 •

<

y
.

✗ ✗ G

°

"

Î → a. à ;

a J
.

J
.

N
,

N
.

\
.

✗ ✗ G E # ✗ copies of G
as G-sets

"

serviable and L- split
"

RE lomx is the image of lomk < finiteSeto : hamac- il

iff R ④ K L E ⑦ 1-

dimxth

✗ E Seto ✗ Ca ✗ ✗ ✗ LGLX ) = homo ( X
,
L)

diag
LG ( X) < LG ( ✗ ✗ X ) ± LG ( X ) ④ LG (x )

restrict
r 1

multi

hush fouinard
diagonal ( not a ring map )

7f
/

(x , y ) : = f- (x) SI >c-- Y )



we just wrote down

R ④ R > brinonduler
moult

µ = pushfoward
~

R
>
bimodule

If I fake (a ④ b) E R ④ R
, C ,

d ER

la④ b)µ(c) = µ lac b)

An algebra is syuravle if m : R ✗ R has bimodule

spitting

Feb q

Fix K
, pick KCL algebraic and galois

fromKl- R)
Come

<

>

hamac-
.
< ,

Seto

Image of ← is the commutative algebras which

split over L
.

R ④× L E ⑤ L

If R is a fired ,
and if JR ↳ L then R is the

essential image .

^

the connected
G- sets

Remark If K C R fried extension and K C L is

palais then RCL iff R ④× L E ⑦ L

[R: K]



Envoy superallie field embeds into a Galois field .

Euery split field splits undvr some base change .

1f K↳ L field extension

Vectk
☒" t

> Verte
"

base change "
☒ K n ☒ L

this function is symmetrie
takis algebra > algebra

Given V E Vectk
K
"
-
-
V ④ K L

has am action given by Gal ( L / K ) = G

( not L- linear action )

( V ④ K L ) G is amateur K vectorspace

If K ↳ L is Galois ,
( V ④ K L ) G = V

Leet V E Vertu and G its Galois group .

1- Galois twisted action of G on vis

tg E G
, function peg ) : V > V

p Igh) =p (g)p ch)
additive : p (g) ( v + w ) = pc g)

~
+ pc g)

W

not L - Linear
.

Juvin l EL , p (g) ( lv) = gel) pc g)
~



☒x L
Vectk > Verte

a

④x L j

Vert? = L - vector space with twisted

G- action

Galois Descent

If Kc L is Galois ,
is am équivalence of

symmetrri ④ of categories


