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Fisc a ground field F
.

Emery finit upvrable extension is Flu) for some
u . In particular ivory Galois extension is the
splitting field of some ivreducible polynomial .

qu'un fix ) E FIX] super able vire duirble polynomial
of degree n .

G = Gal (f) = gae (
any splitting
fried of f )

General Comments

f- has exactly n roots
,
G permutés them

transitway and faithfully .

G ↳ Sn

Orbit - stabiliser Theorem
# G = # ( stabiliser of any root ) n

Proposition
Leet F C IR e.g

FC Q

suppose rdvgruf = p prime .

Suppose f- has exactly p - 2 real roots
Then G = Sp .

proof
complex conjugaison obviously E G .

-

în a 2- cycle in Sp .

p divide # G , 7am element of onder p .

The only elements of Sp of onder p are p - cycles .

< any 2- cycle + any p - cycle > = Sp



What are possible Galois groups by drag f ?

dvg f- = 2 G = Z / 2 = 52

rdvg f- = 3 G = 53 or 1- 3

Pick ordering of roots off ti .dz . . . .tn

1f :-. IT ( Xi - ✗j )
iej

(rvmark : f- (x ) l > f- ( x - a) doesn't change A)

If gEG.gs = ± s { + A G alternative surgroup
-
A G not alternative subgroup

We learn :

discriminant Di = sa is G - invariant

s is G - invariant iff G E An

F ↳ E Galois so G - invariant → ni F

Why ? D E F
,

E F iff.GE An

Example f-(x ) = x2 t bx + c s = J' bz - 4C

Suppose char F =/ 2

f- (x) ms f- (x - bz )

f- = x2 - Hb t Ç t bfx - boy + c = x2
- ¥2 + c

x = ± ✓ bz
4-

-
C

Cubic f- (x ) = x ? + ax
?
+ bx + c char -

f- (x) - f- ( x - § ) = ✗
3

+ px + q

+ Z
'
?

À =
- 4ps -

27 q
?

= (Li - ✗ 2)YL,
- ✗ 3)422 - ✗3)2 = D



x
}
t px t q = (x - d.)(x - ✗2)( x - ✗3)

= x
?
_
( di + La + ✗3)x2 t ( Litz t 4223 + did3)X - did 223

Example x
?
- 3>et l

D = - 41 - 3) 3
-

27 (1)
Z

= SI s = C- ☒

G in this ease is As

④ (x) is spitting field

Quartiers a

deg f- = 4
•

•
Xz

i.
← has S4 as rotations

✗4 .

'

' also 1- 4
à Las

Thin is a group homomorphisme
her

I S4 I (27 / 2)
2

✗ 53

1- 4 E- ( 27 / 2)Z ✗ A 3
(zyzj.ly l'2×3") } > 54

> } 53( l 3)(24 )

(14 ) ( 23 )

B) = Lida + ✗3 ✗ a GE 54 pinnules the Pi 's via this

f2 = ✗ils + La ✗a homomorphisme
f3 = Li d4 t La ✗3

g (x ) : (x
-f.) ( x - fa ) (x - Ps ) EF [x] (collect revolving urbis )

off
what are the possible Galois groups ?
G C 54 acting transitives

50
,
G is -14

54

(e,, ,
, } normal transitive subgroups

( ( 27 /2) 2 C- -14,54
,
D8 )

Ca -
- 274 ( three of these all conjuguait) } non

- normal

D8 (rdihrdval group of onder 8
,

also three of these all conjuguait)



F C K = spitting field of g CE = spitting fried of f
= FCfi , f2 , f3 ) = F1 ✗\

,
. . -

,
24 )

G = Gall E / F) C- 54

image of G unchr 53 > > 54 = Gal ( KIF) C 53

G M ( 27 / 2)
2

= Gal ( Elk )

G = 54 iff falck / F) = 53 <→ ✓disc of q ¢ F

G = -14 iff Gal ( KIF ) = -13 ← [ K : F ] =3

G = 127 / 2) 2 iff Gal (K / F) = I - Bi ,fa , f3 E F

G = C4 or D8 iff Gall K / F) = 2- cycles foi Et
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char = 0 (automatically serviable )

Get KCL be any finite field extension .

Pick an

Algebraic closure I .
I can look at honk ( L

,
I) ② GallI Ik )

Ils

Gatlk / K) / Gall À / L) = X

quien MEL ,
L = E- valued functions

Trek (u) = I Qiu) on × equiv for Gal/ À / K )
Q :L→I

NÉ (u ) = IT yen, } obviously both Galois andinvariant so E K

Q :L→KK
= IR LÊC À = CI ✗ =

. . u to (u ,
Ir ) as f-et

Trlu) = 2Relu) Ntm) : Hulk

Sturdy eydie extensions : Galois extensions KCL such
that Gal ( L / K ) E- Dln

Primark If KCL Galois , then Tr and N are I and IT

induced by Gal IL / K) .
Ntm ) =

gae (LIK )
• (U )



In generale , if KCL serviable ,

# horn (L.IT ) = [ L : K ]

Ils

Gatlk / K) / Gal (KIL)

Lit KCL rychi , Gal = < o > on = id

Pick ve E
,
oir) = { 1 iff v c- K

v some dument of K

V1 > Ocv)
v

l
>
K× > Y > H >

>

K
"

id

Molov) ) = otro) olo (v)) 021 olv) ) . . .

on- ' ( Otv) ) = l

v v v v

Theorem (Hilbert 90)

If u EH such that Ncu) = I
,
then Iv such that

U = Ocv)

v

> Kcrw) = 91 } trivial

9min > off))
"

H ' l )

Special ease of Theorem of Noether :
For any finite Galois extension, H ' ( K

,
H ) = { 1 }

proof
Fisc KCL Galois with Gal ( L / K ) = < o > = G

Fix u EL such that Ncu) = I

Want to solve v = n .

ocv)



In other wards
,
we want to show that the

K - Union map T : V
→ v given u . ot ) has I as

am ercjenvalue .
where V =L

↳ this trappeurs iff V④L:IdL has I

as am ucjrnvahu .

map of L - vector

spaces

G TV ④ L as am L- vectorspace ± L- valuvdfcts on G
G- module

± ⑤ Lg
GEG

Unchr this isomorphisme,
u

mutt by u I >

(
alu)

O2 (u )

'

'

-

.

on
- \ (u)

O C- ) l > l

l

'

_

.

I

To prove the Theorem is to show that the product
of these operators has I as am

eigenvahre.lu
,
Olu) ,

o (u) O2 (u) , Olu) 04m) 03(u) , . . .

,
o (u) . . . on

- '

( u) )

is an ucjuvector with eigenvahre 1
.

Theorem

Suppose F is a field which contains the primitive
m

' the roots of unity q . lxm - 1) completely splits
over F .

Then F CE = F- [Mila ] where a c- FX is cyclise with
Galois group E Z/m



Converse if F CE is Galois with Galois group & Zlm

then E = F [Mila ] for some a c- F ×

Note xm - a splits completely over E

21m Eu un = group of with roots of unity . E 5- ×

pvoof
Gal ( E / F) > Mm

Il

G } is a homomorphismeg t > g (d )
✗


