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1 Review: Q-manifolds and Lie algebroid measures

We begin by recalling some of what was said last week.

Definition: We denote by R* (resp. C*) the group of nonzero real (complex) numbers under
multiplication. A Z-graded supermanifold is a supermanifold X with a distinguished (left, say)
R* action, such that the corresponding action on €>°(X) @ C extends to a holomorphic action by
C*. Given a vector bundle A — X, we let mA denote the parity-reverse total space with the usual
R*-action on the fibers, and m—'A the parity-reverse vector bundle with the opposite Z-grading.
We will call the distinguished Z-grading the “cohomological degree.”

A Q-manifold is a supermanifold with a distinguished action by R* x RO such that the R* action
makes the supermanifold Z-graded. We will call the differential of the R°' action the Q-structure
or cohomological vector field, and denote it by QQ. The letter “Q” is for “cohomology.”

Remark: The reason for asking that the R* action extend to a C* action is to assure that the
eigenvalues for the infinitesimal generator of this action be integers. If we were thinking more
algebraically, we would have used the affine algebraic group scheme G,,, which is defined via
Tannaka duality as the group whose representation theory over a commutative ring R consists of
Z-graded R-modules.
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In all our examples, the Z-grading will agree (mod 2) with the fermionic (Z/2) grading. If the
Z- and fermionic gradings agree, then the algebra of functions on a Q-manifold is a commutative
dga. Allowing the Z- and fermionic gradings to disagree is equivalent to working in the category
of commutative dg super algebras (chain complexes of super vector spaces).

It is common also to ask that the supermanifold contain local charts in which the coordinate
functions are homogeneous for the R* action. O

Q-manifolds are a (somewhat rudimentary) language for “derived geometry.” For example, there
are natural notions of the homology of a Q-manifold, whether a map of Q-manifolds is a quasi-
isomorphism, and what a homotopy equivalence of Q-manifolds is. Our interest in Q-manifolds will
be that they provide models of derived stacks.

Definition: A Lie algebroid over X consists of a vector bundle A — X, a vector bundle map
p:A— TX, and the structure on I'(A) of a sheaf of Lie algebras (over R, but not usually over
¢>*°(X)), such that the Leibniz rule [a, fb] = fla,b] + p(a)[f]b holds for a,b € T'(A), f € €.
It follows that p : T'(A) — T(TX) is a map of (sheaves of) Lie algebras. Lie algebroids are an
infinitesimal version of Lie groupoids.

Let A — X be a Lie algebroid. A representation of A is a quasicoherent sheaf over X which is
simultaneously a sheaf of €°°-modules and a sheaf of T'(A)-modules, and such that a similar Leibniz
rule is satisfied. For example, €*° is an A-module, whereas I'(A) is not. The category of A-modules
is abelian. The derived classifying space or derived quotient X/ /A is cdga Rhom (€, ¢*°), where
Rhom is the right-derived functor of hom (the one that computes Ext®) — it is defined only up to
homotopy.

For any Lie algebroid A — X, there is a canonically-defined Q-manifold structure on the parity-
reversed total space mA which presents the derived quotient X//A.

Example (Main example): The tangent bundle TX — X is itself a Lie algebroid. The canonical
presentation of X//TX is Xqr e spec(2*(X)) = nTX, with the Q-structure encoding the de Rham
d. O

The canonically defined Q-manifold presenting a given derived quotient is ill-suited for certain
constructions. Fortunately, we have at our disposal many other presentations of the same derived
quotient:

Theorem (—, DBE): Let Y — X be any graded vector bundle, and A — X a Lie algebroid (or
more generally replace A by any @Q-manifold and A — X any map of graded manifolds). The
pullback in Q-manifolds Yar X x,, TA presents the derived quotient X//A (it is homotopy equivalent
to the original Q-manifold).

Remark: This pullback is studied by Gacia-Saz and Mehta as an example of a “Lie algebroid
vector bundle”; it is in their language “type 1.” The underlying graded manifold of Ygr X x,, 7A is
isomorphic to Y x x 7Y x x mA, but choosing such an isomorphism amounts to choosing a connection
on a certain bundle, and so the isomorphism is not canonical. O
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Definition (Weinstein): Let A — X be a Lie algebroid. Neither A nor TX, nor in fact ANk
nor TNMMX | are themselves A-modules. Nevertheless, the ratio of lines (T*)N 4™ @ ANTank g qp
A-module in a canonical way. At least when everything is oriented, a Lie algebroid measure on
A — X is an A-invariant section of (T*)Ndm @ ANrank  Ope can think of such a section as a
“ratio”: a measure on X divided by a measure on the fibers of A.

Remark: It would be interesting to investigate the derived space Rhom (‘5 >, (T"‘)AGlirn ® AN rank),
and see to what extent our constructions generalize. We have not done so.

Example: The de Rham algebroid TX — X has a canonical measure (if everything is oriented).(

Let A — X be a Lie algebroid. A choice of Lie algebroid measure on A determines a Berezinian
measure on mA which is Q-invariant. It is not invariant under the R* action; rather, it is in
cohomological degree — rank A.

More generally, the Lie algebroid measure determines a Berezinian measure on any presentation
constructed in the theorem above, by multiplying the Berezinian measure on mA with the canonical
measure on the fibers of Yqr — Xgr. The cohomological degree of this measure on Ygr X x5 TA
depends on the graded rank of Y. If Y is locally isomorphic to 77! A, then Ygg x x 4 TA receives a
Berezinian measure in cohomological degree 0. We remark that, since we are working over R, there
exist non-canonical isomorphisms 7~ 'A = 771 A* = (7 A)*.

2  Vol(X//TX) and one side of the Chern—Gauss—Bonnet theorem

In this section we study in detail the canonical Lie algebroid measure on TX — X. We suppose for
convenience that X is oriented. Our goal will be to compute the integral of 1 against this measure
(over the derived stack X//TX). We will see that the correct answer is the Euler characteristic
x(X). Along the way we will prove (part of) the Chern-Gauss-Bonnet theorem, equating the
integral over X of scalar curvature (for some metric) with the signed count of critical points of a
Morse function.

As we have already said, the Lie algebroid TX — X has a canonical algebroid measure. When X is
oriented, the corresponding measure on 7TX = spec(2°(X)) is the “integrate top forms” measure.
We instead choose a presentation of the derived stack X//TX for which the Berezinian measure
corresponding to the canonical algebroid measure is in cohomological degree 0. Our choice will be
to take Y = 77!TX in the above theorem.

We choose local coordinates z* on X. Then the corresponding fiber coordinates on 7TX we denote
by & — under changes of coordinates z ~ Z(z), the §s transform as &= %fj. OnY =7"1TX
we choose fiber coordinates &, transforming similarly to the &s. The Lie algebroid pullback is
Yyr = 7T(77'TX). Fiber coordinates of this corresponding to the zs we continue to denote by &,
and corresponding to £ we denote by b’. Then the b’ do not transform as tensors, but rather under

x ~» T they transform via: 4 4
oxt . 9%Ft
= v+

b oxJ 0xI Oz

glek
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or maybe I'm off by a sign. We mention this just to correct something we have often got wrong.
There is an isomorphism 7T(71TX) = (7T ® T @ 7~ 'T)X, but choosing such an isomorphism
requires choosing a connection.

In any case, the Q-structure on 7T (71T X) is just the de Rham d:

0 0

o8 " o

Q=1

The berezinian measure is
= dxl . dxdim dfl . dfdim dgl . dgdim dbl . dbdim
up to a sign convention.

Our goal is now to calculate, or rather to define, the value of

/ p
aT(r—1TX)

We immediately run into a problem. The integral does not converge absolutely. Rather, if we
integrate out the fermionic directions, we get zero, whereas the integral in the b direction is infinite.
The BRST argument provides a way to modify the integral into a convergent one, by multiplying
the integrand by exp(Q[f]) for some f € €>° (7T (7~ 1TX)) in cohomological degree —1. With luck,
J exp(Q[f])p will converge absolutely. By the BRST argument, provided it converges sufficiently
quickly, the value of [ exp(Q[f])u is independent of f. (We use the fact that “sufficiently quickly”
is a convex condition in f.)

Where can we find functions in cohomological degree —1? The supermanifold 7T (7 !TX) comes
equipped with another piece of structure that we have not discussed. Recall that there is a canonical
isomorphism 7T(7 !TX) = Maps(7~ 'R x 7R, X), and that the de Rham cohomological vector
field @ can be thought of as the translation action in the 7 'R direction. From this perspective it
is then clear that there is another vector field @ corresponding to translation in the 7R direction.
It commutes with itself and with (), and is in cohomological degree —1. In local coordinates,

0 0
gl + ox'’

Thus one source of functions in cohomological degree —1 is those functions of the form Q[f] for

/1 =0.

For example, choose a metric g;;(x) on X. We claim that f(a:,g,{_, b) = 1g;;(2) €€ is a globally-

defined coordinate-independent function. Indeed, writing (6,6) for the coordinate functions on

7R x 7R and x(#, ) for a generic map 7~ 'R x 7R — X, we see that f(x) = %(g—g, %M, where

the partial derivatives are evaluated at = 0 = 6.

Then the BRST argument suggests that, modulo convergence issues,

/ = exp(QQf) .
T(r—1TX)

(= 1TX)
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What the BRST argument actually proves is that, provided the right-hand side converges absolutely,
the value of the right-hand side is independent of f. The function QQf is called the gauge-fized
action SqF-

So we calculate:
1= i) 1 igj 7k ¢4 5
sar = 5QQgij(¢) €'€7] = 5Q[—0i V'’ + Oy €€ =
= =5 Yij by — 5 Orgis EFTET + 3 Orgi; bEE + 3 Ohgij 7V + 3 010k gi; E1EREET =
1 o . 1 I

= 5 Yij VY — Ty Y + 3 010 gij £1EFEET

where I';j, = %(&gjk + Ojgri — 8kgij) is the Christoffel symbol for the metric g in the chosen

coordinates.

We can now integrate [ exp(sqr)p as it converges absolutely, provided g is positive definite. Indeed,
the b coordinate appears as a pure Gaussian with negative-definition quadratic part, and so we can
integrate it out:

/exp(sGF) drdédédb =
. 1 .., . | N 1 _
- (2 d1mX/2/ (7 LLES AT B - - ” lkzg) drded
(77) €Xp 29 zykgg z]k‘ff +2alakgj££§€ \/g 1'55
We can recognize the exponent as

1 ., . L1 o 1 o
§9kk Lijp€'¢ Dy & + 55131@% gleheiel = _ZRz‘jkl(ﬂf) greigkg

where R;jp(x) is the Riemann curvature tensor.

Finally, one recalls the definition of fermionic integration in terms of Pfaffians and what not, and
computes the integral, taking more care than we have been with signs. One gets:

/ exp(sqp) dzdedédb = - - - = (2) 1M X/2(97)~ dim X / (a certain Pfaffian) /g dx
T(r—'TX) X

If we know the Chern—Gauss—Bonnet theorem, we can immediately recognize the right-hand side
as an expression for the Euler characteristic x(X). For details, see the thesis by Dan Berwick-
Evans.

3 The other side of the theorem, generalizations, and remarks

Here’s an entirely different way to gauge-fix the integral fwT(rlT X) Mo which is much closer to the
original Faddeev-Popov approach. We want to write down a gauge-fixed action sqr = Q[f]. We
choose a 1-form «;(z)dz® on X, and set f = a;&".
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(Before we go further, an important remark is in order. When the 1-form a = dh is exact, then
a;&" = Q[h(x)], so that this choice fits into our above rubric of finding degree-(—1) functions as

Q) (degree-0 functions).)

Then: N ' o
sar = Q[au(x) &' = a; b + B €'

What happens when we integrate out the b variables? If a is real, then [ exp(a; b?) diverges horribly.
But if we switch a — v/—1a to make it pure imaginary, then we have

/exp (\/jlai bi) db = (2m)~4m X5 ().

Suppose that « has isolated nondegenerate zeros. Then we can integrating out the &s at the same
time, recognizing that in combination the integral is a Gaussian. The integral gives a determinant,
and all together we get

Vol = (27r)~ dimX (97 )dim X /X §(ay) det(v/—10;cr) da.

But this is just a signed count of zeros of a;, up to an overall v—ldimX. The sign is precisely the

sign of the determinant of J;a;, recalling that é(ax) = ﬁé(x) is positive. Thus we have shown
that an integral of the Pfaffian of curvature of a metric is equal to a signed count of the zeroes of
a 1-form. More care must be taken with the overall constants and so on, but these only depend
on the dimension of X, and can be checked by checking the result on some particular nontrivial
manifold.

One can also consider the situation when the zero locus of a does not consist of isolated non-
degenerate points, but rather of an embedded submanifold of X. If da is nondegenerate in the
directions transverse to the submanifold, then similar arguments also allow to show that the Euler
characteristic of X can be computed in terms of (signed) Euler characteristics of the connected
components of the zero locus of a. For example, we might have @ = 0h where h is a Morse-Bott
function.

Remark: You should probably be a bit concerned by the conditional convergence — the BRST
argument is only really correct when convergence of the integrals is sufficiently strong. A more
honest thing to do is to consider the sum Q[a;&" + Q[%gwfl@ﬂ Then the integral in b converges
absolutely. Integrating out this part gives

. 1 N o o 1 . 1 _
(2m)dim /2 / exp <_1Rz‘jkl P + 00,68 — M Tijpt'd on + 397 @i aj) 75 dz dg d¢

We can then consider rescaling the family of gauge-fixed actions Q[ a; &% + Q[%gijﬁi@ ]], where A is
some parameter. In the limit as A\ — oo, the integral continues to localize on the zeros of a. %

Remark: We will conclude this section by making a few more remarks about the operator QQ =
—QQ. It is a composition of commuting vector fields, and so we will call it the BRST Laplacian
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(it has nothing to do with the BV Laplacian that you might have heard about, but no matter).
See, in both computations, at least when « was exact, our gauge-fixed action wasn’t just sqgr =
Q[something], but in fact it was Q@ [something]. We will relate this to path integrals.

Recall that we are integrating over the space 7T(7 !TX) = Maps(7~'R x 7R, X). Suppose we
have f : Maps — R. We will begin by describing very explicitly the function QQf.

There is a right action by translation (7~ !R x 7R) x (77'R x 7R) — 7~ 'R x 7R, and this induces
a left action (7~!R x 7R) x Maps — Maps. Precomposing, we get f : (77!R x 7R) x Maps — R.
Fix x € Maps(7 'R x 7R, X), and consider differentiation f(—,x) in the (7~!R x 7R) variables.
Denoting these variables by 0,6, one sees that (QQf)(x) = 5555 f(0.90, X)‘(a,é):o’
But now let f(#) be any function of an odd variable 6. It is a general fact about fermionic measures
that [ f(0)d6 = g—g oo WP to a sign convention — this is how fermionic measures are defined.

So what we see is the following. To the function f : Maps — R we have associated a Lagrangian den-
sity for a field theory on 7~ 'R x 7R: to a path x, the density at position (8,0) is f(6,0,x)do df.
Then the gauge-fixed action QQf is precisely [ _ip. o f(0,0,x)d0dd, the action for the corre-
sponding Lagrangian density. Conversely, to a Lagrangian density f(6,60,x) the corresponding
gauge fixing condition is f(0,0,x). All together, we have constructed a correspondence between,
on the one hand, (“time” independent) Lagrangians for a path integral over 7 !R x 7R whose
paths are valued in X, and, on the other hand, gauge-fixings of the trivial action on 7TX of the
form sqr = QQ[something]. O
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