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We were in the situation of having 7% and « an action on B a Banach space. We had seen from

general considerations of Lie groups that you can form the space B> of smooth vectors, dense in
B.

On the other hand, for n € Z¢ = 7/:‘1, we had B, = {b: ay(b) = (n,t)b}. (Recall: (n,t) = e2™tn )
Then if X € R? = Lie(T?), we defined

Db % fimy 2rx () =0
r—0 r

and on b € B,, we have Dxb = (2miX - n)b.
Remember, on Ay the noncom torus, we had a dual action
at(Un) = <nvt>Un

and so (Ay), = CU, is just a one-dimensional span.

Question from the audience: What is a,x?7 Answer: oeprx. But we're writing T’ 4 addi-
tively.

So Dy, ... Dx, b= (2mi)* (Hle n- Xj) b.

For b € B>, we expect to write incomponents: b ~ {b,}. Then we expect (Dx, ...Dx,b), ~

Dx, .. Db = (2mi)* (IT5-y n - X;) b But the right and left should be in b taking norms:
@m)* [T 17 Xl llball < | Dx, ... Dx,b|

and the RHS is indep of n. The norm on the RHS is some constant, adjusting it we can say
that

C
byl < -
1ol < T T %)

so the coefficients b,, must die faster than any polynomial.

We define the Schwartz space: S(Z%) = {f : Z% — C such that n — |f(n)p(n) is a bounded function
for all polys p}.

Theorem: B> is the B-valued Schwartz space: it consists of all functions ¢ : Z¢ — B such that
c(n) € By, and {n + ||c,||} € S(Z9).
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Then in particular (4y)> “is” S(Z4) by f + > f(n)U,. In any case, for p big enough, it’s clear
that S(Z4) C ¢*(Z%), and this sum converges.

This relates to a well-known fact: for ¢ € C(T9), g € C™(T?) iff the Fourier transform § €
S(z4).

Proof of Theorem:

If we have ¢ € RHS, we certainly have {n — |c(n)|} € £}(Z9), soset b =Y c¢(n) converges just
fine, and b, = ¢(n). Using the differential quotient, you find that (Dxb), = (2mwi)n - X ¢(n),
and the sum of these things since we’re in the Schwartz space converges. So we have D. (We
did not complete the proof, but it goes along pretty straightforwardly.)

In the opposite direction, let b € B>*. **We spend some time on a calculation we had
done before, going the wrong direction.** We're trying to show that {n — ||b,||} €
S(Z4). Then Dxb exists, and we need to show that (Dxb), = 2mwin - X b,. Write f(t) =
e?™nt The limit Dxb = lim(a,.x (b) — b)/r is a uniform limit, so:

(Dxb), = [ fOaDxb)dr
_ lim/f(t) o (O‘X(f)_b> dt
= ([ r0as@ - [ f6)a0)a)
=t ([ s ) dn- [ 50w an)
i [ 1010,

2min-t

= 2min-Xb,, since f =e

Thus (Dx, ... Dx,b)n = p(n) by, and so take norms and observe that we're in S(Z%). O

Let A be a C* algebra, and let a be an action of 7% on A. (E.g. let a be an action of T¢ on
a locally compact space X, e.g. a manifold, so can take A = Cy(X). Even this commutative
case is interesting.) So we have all these spaces A,, and let a,, € A, a, € A,, then ay(ama,) =
ar(am)oi(an) = (m,t)am (n,t)a, = (M + n,t)am+n, and the multiplication is graded: A, A, C
Aptn. Similarly, AY, = A_,,.

Let 6 be given, and build the cocycle cy(m,n). Let (m,U, H) be a faithful covariant representation
of (A, T a). T? acts on H, so we can factor

H=E Ha
nezd

You can check: if a,, € A, and &, € H,, then 7w(am)&n € Hpmin-



Now we will do something weird. Continuing to use these labels to tell you where things come
from, define:

7 (am)en L 7 (am)énco(m,n) € Hunin

. Next time, we will explore this. We will find that all of this is well-defined on A*°, and we're
twisting this algebra by a cocycle.
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