
**This document was last updated on April 14, 2008. A more recent version may be
available as part of http://math.berkeley.edu/∼theojf/CstarAlgebras.pdf.**

1 April 14, 2008

Recall we have Aθ and the “dual” action α of T d. Aθ has no proper α-invariant ideals.

Theorem: The rep π of Aθ on `2(Zd) (the GNS rep of the (unique) tracial state)

π(f)ξ def= f ?cθ ξ

is faithful, i.e. kernel = 0.

Proof:

Slogan: “α is unitarily implemented on `2(Zd).” I.e. there is a unitary representation W of
T d on `2(Zd) such that, for x ∈ T d:

π(αx(a)) = Wxπ(a)W ∗
x (1)

What this is saying is that (π,W, `2(Zd) is a covariant rep for (Aθ, T d, α).

If so (we haven’t justified the above yet), then if a ∈ kerπ, then αx(a) ∈ ker for all x ∈ T d, so
kernel is α-invariant. But the kernel is not the whole algebra — there are non-zero operators
— then by last time, ker = 0.

Ok, so for unitary equivalence, set:

(Wxξ) (m) def= 〈m,x〉ξ(m)

This is almost the same formula as for α: (αx(f)) (m) def= 〈m,x〉f(m). From these, it’s an
easy exercise to sort out the slogan (1). �

Well, so, from before, UmUn = cθ(m,n)Um+n, and U∗
m = cθ(m,n)U−m. These are unitary genera-

tors of the algebra; we can multiply each by a complex number of modulus 1, and we’ll still have
unitary generators. So, set

Vm
def= cθ/2(m,m)Um = e2πim·

θ
2
nUm

Claim:

• V ∗
m =

(
cθ/2(m,m)Um

)∗ = cθ/2(m,m) cθ(m,m)U−m = cθ/2(−m,−m)U−m = V−m

• VmVn = cζ(m,n)Vm+n, where ζ =
(
θ − θt

)
/2 is the skew-symmetric. What’s going on

is that the cocycle cθ is homologous to cζ .
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We’re using the fact that in T d everything has a square root. This is not always the case for dual
groups, e.g. of finite groups. We won’t check the second fact in the claim on the board. In any
case, when convenient, we can always insist that θ be skew-symmetric. (Recall that θ is a real d×d
matrix, and we can take it up to mod Z.)

For a given n, consider the conjugation of Aθ by Un.

UnUmU
∗
n = cθ(n,m)Um+ncθ(n, n)U−n

= cθ(n,m)cθ(n, n)cθ(m+ n,−n)Um
= e2πi(n·θm−m·θn)Um

= cθ−θt(m,n)Um
def= ρθ(m,n)Um

Writing “∼” for “homologous”, we see that ρθ =
(
c(θ−θt)/2

)2 ∼ c2θ. Then ρθ(·, n) ∈ Ẑd ∼= T d is a
character. And indeed

UnUmU
∗
n = αρθ(·,n)(Um)

(We can turn things around and get rid of the complex conjugate sign.)

So, view ρθ as a map Zd → T d by n 7→ ρθ(·, n). There’s no reason whatsoever why the image
should be a closed subset. Let Hθ = {ρθ(·, n) : n ∈ Zd} be the closure of the image in T d. So Hθ is
a closed subgroup of T d. Then there’s a little taking duals: any closed subgroup has a connected
component of the identity, and any connected closed subgroup is another torus stuck in skew-wise.
So

Hθ
∼= T e × F

where e ≤ d and F is finite abelian. We like this version, because we have a compact group and
we’d like to average over it, and we know how to do so on each piece.

Let J be any closed 2-sided ideal in Aθ. Then αρθ(·,n)(J) = UnJU
∗
n = J . But α is continuous, and

the ρθ(·, n) are dense in Hθ, so αx(J) = J for all x ∈ Hθ. On a ∈ Aθ, define the average

Q(a) =
∫
Hθ

αx(a) dx

This is a conditional expectation, and Q ≥ 0 and Q is faithful. Then Q(J) ⊆ J .

If Hθ = T d (big if), then Q(Aθ) = P (Aθ) = C1 from last time. So if J is not the zero ideal, still in
the θ = T d case, then 1 ∈ J . In sum:

Theorem: If {(θ−θt)(n) : n ∈ Zd} is dense in Rd/Zd, then Aθ has no proper ideals, i.e. is a simple
C∗ algebra. It’s certainly unital and ∞-dimensional, but definitely not GCR. Nevertheless,
we can write down many irreducible representations.
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