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MOTIVATION:FUSION CATEGORIES AND TQFT
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HOLISTIC IDEA OFAFUSION CATEGORY:

egrngfritegene



ALGEBRA CIG]
FINITE GROUP (6, 4) us "QUANTUM"FINITE GROUP (I, e)
-

X*YINI
*

FINITE # OF ELEMENTS GEG I FINITELY MANY INDECOMPOSABLE OBJECTS, XeF
g,
=

qz XEY& HOM(X,Y) FINITEHILBERT SPACE

->
BINARYOPERATION GXC-6 m BIFUNCTOR Q:FxF F

gh =R x *Y =2,0Z*...Zn
· IDENTITY · IDENTITY*

7 et6s.T. eg
=

g
=geXgtG 7LeF S.T. 1QX =X=Xx1 X XeF

·INVERSES ·INVERSES* CDUALITY)
xg=67gs.T.gg =e =gg XXeF 5 x*,*X5.5.e **QX, etc.

*
· ASSOCIATIVITY · ASSOCIATIVITY

Igh)k =g(hk) X g,h,kE6 (XxY)x2 =xx(Yx2) x x,y, z eF

*UP TO ISOMORPHISM



AN EXAMPLETO ILLUSTRATE THE ANALOGY

IRREDUCIBLEREPRESENTATIONS OFS3

Sz =[11, (12), (13), (23), (123), (132)3 us EI, sgn, std3

x (12) (13) (23) (123) (132)
I syn std

1

(12) I (123) (132) (23) (13) 1 I syn stc

(13) 17

(23) 11 syn sgn I sta

(123) (132) (

(132) 1) (122) std std std lEsgn*std

comes From VeCS3 comes From Rep (SS)
WE'VEALREADY MET TWO FAMILIES OF FUSION CATEGORIES:Veco & Rep(6) AND WE HAVEN'T EVEN DEFINED ITYET!



ALARGE PART OFFUSION CATEGORY

THEORY IS ONLYCONCERNEDWITH

THINGS "UP TO I SOMORPHSM
"



FUSION RINGS IDEFINITION)
UNITAL, ASSOCIATIVE

A FUSION RINGIF,X) IS AURING WICH IS FREE AS

A Z-MODULE W.RT. ABASIS L =E a, b, c, ... 3
SUCH THAT L IS FINITE

-

label set
·It L

C
↳ Jusiopcient

· axb =2Nab C
· Nato

CEL

· IINvorTION A:L-> LWCH Extens

To An AnrINoction on F =(ab)*b*a*



EXAMPLES & DIFFERENTWAYS TO PRESENT A FUSION RING

FUSION RULES FUSION TABLE

TRIVIAL FUSION RING

1 =[13 51 x 1 =1 i

ISING FUSION RING 0xc =1 +4

L =51,0,Y] E 8x4 =4x8 =0!↑x 4 =1

(TONIC CUDE)
R2 *&_ FUSION RING

L =21,e,m,f3 E e
em=f



MORE
NON-EXAMPLE

I BECAUSEIL1
=s

"Y2 Es"FUSION RING CLEBSCH-GORDON FUSION RULES

2 =2,x,y3 2 =[1,2,3, ...

S
x
=

1 +2x +y Six j_Eigenexy
=

yx =x
2

y =1



FUSION RINGS ICOMBINATORIAL DATA)

3L =E1,a,a*,b,b*
..., NatRo S.T.

· INaNx =I No NaY (assocatirty)X

· Ni =Sap=Na" sunitality (
· Nap =Sab=Nsa* (duality(

THEONLYWAY TO GET 1 IN THE

· Na =Nats =N,* FUSION FRODUCT OF a* Any b

Probenntbcpiocty(



PROPERTIES FBELAN L =2a5a= A, r [m3
ILLUSTRATED Group a&m =m =ma aANTS I BY THE TY(A) S ↑OF FUSION RINGS EXAMPLE OF we mxm =0 a

LET F BE AFUSION RING WICAEa*YAMDARA-
YAMAGAMI

RANK: rank (F)= 11 rank (TY(A)) =1 Al+/
MULTIPLICITY: WHETHER Nab> 1 MULTIP4CITY -

FOR ANY
ab, th FREE

FROBENIUS - PERRON
-FIGENVALE

DIMENSIONS*: FPdim (a I at L
OF THE MASUIX

[Na]bc:=Nab

FPdin(a) > 0 F atA

*FACT: FPdim DEFINES A RING HOMOMORPHISM-



e.g.: BECASE FPdim IS A RING HOMOMONPASM

FPdin(m)2 FPdin(a) + FPdi-(n)
aEA

FPdims 2EAGENC #'s
I



FUSION CATEGORIES (NON-DEFINITION)

AFUSION CATEGORY IS ACATEGORIFICATION OF AFUSION RING

"CATEGORIFICATION"

(F,+,x I - ---- (F,0,Q S
ONES

GIVEN Nab, WANT I WITH
· ILI-MANY ISOMORPHISM CLASSES OF INDECOMPOSABLEOBJECTS

· dim HOMF (A*B,C)) =NabI
·

AND IS NATURAL



THEOREM "OCNEANU RIGIDITY"): -)(F,)(Fr,a)I
THERE AREONLY FINITELY MANY

(5:4...p
CATEGORIFICATIONS OFAFIXED

FUSION RING TO AFUSION CATEGORY (F,a)

how totell differentcategorificationsof the
&

same fusion any apart?
MOST OF THEINVAMANTS WEUSE TO STUDY

I FUSION CATECONES AREJUST INVANANS OF STHR FUSION RINGS



ON THE CLASSIFICATION OF FUSION CATEGORIES

Il

GENERALIZED TANNAKA-KREIN RECONSTRUCTION:
"

EVERY FUSION CAT IS Rep(H)

A is A WAK HUPF ALGEBRA
-



http://www.thphys.nuim.ie/AnyonWiki/index.php/
List_of_small_multiplicity-free_fusion_rings

CLASSIFICATION OF
MULTIPLICITY-FREE

FUSION RINGS

UP TO RANK6

& ANYONWIKI

IALcOUX, .... I
RANK
FRI#SELF-DUAL

BASIS

↑ ELEMENTS

ORDER
IN

LIST
WITH
FIXED

rin


