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RECAP OFYESTERDAY'S LECTURE& LOOSEENDS

RECALL THAT A FUSION CATEGORYIS ARISID K-LINEAR

MONOIDAL CATEGORY (2, Q, A, X) WITHSOME
NICE FINITENESS/SEMISIMPLICITYPERTIES

a waxselaz ASSOCIATORS
->

(wax)xY)QZ we(Xx(Yxz)(

2 t **
(WeIX*Y*Z-> We((X*Y1*Z)

L

IN PARTICULAR, A FUSION CATEGORYHAS FINITELY

MANY SIMPLE OBJECTS UP TO ISOMORPHSM

IRRIC) =SET OFREPRESENTATIVES OFIS0. CLASSES

OF SIMPLES =E A1, A, A*, B, BY, ... I



SIMPLE

EACH (ISO. CLASS) IN A SPHERICAL FUSION CATEGORY
HAS AN ASSOCIATED "QUANTUM DIMENSION"dx =Tr (idx)

A

dx =Tr(idx)= -HOMe(1,1)=K
↑M Il

~ spawe E Tid
↑ I

#IS THE
SCALAR MULTIPLEid



TWO POWERFUL METHODS FOR FUSION CATEGORIES

"STRICTIFICATION"
WLOG xx, i, z

=idxxToZo I DISCUSSED YESTERDAY, MAKES 7STRING DIAGRAMS EVEN NICER

"SKELETONIZATION"OR②l
"SKELETALIZATION"on "COMBINATURAL/IATION"
TODAY'S TOPIC

CAN'T USE BOTH TOUS AT SAME TIME THOUGH!



SKELETALIZATION

① PICK ONE OBJECTPERISOMORPHISM CLASS OF

SIMPLE OBJECT

PASSTO 2 =[1, a,a*, b, b*,... 3
(CONFLATESIMPLE OBJECTSNI THRISO CASS(



② PICKABASIS FOR EVERY "TRIVALENT "HOM SPACE

Hom(axb,c) & HOM(c,axb)
↑:TRIVALENT

↑

"TRIVALENT
FUSION SPACE

"

SPLITTING SPACE
"

BOTH HAVESAMEDIMENSION,

dim(HOM(axb,c)) =dim (HOM(c,axb)) =Nab
SO WEED TO PICK NaD BASISELEMENTS, SAY1
Ela,b,cin) Ime,..... Nab~S2

[La,b,c;M)3m 1,2,..., was ->S



ab

③ THIS CHOICE V Fu Hom(abb,
OF BASIS

↑

a
2

INDUCES ACHOICEOFBASIS ON

ALL HOM SPACES, LIKESO:

Hom((ab(xc,d) = HOM(axD,mom(macaE Y
2

3

i
·

Iat ·
I

m

d m,x,B



BUT SINCEWEONLY HAVEONEOBTECTPER

ISOMORPHISM CLASS, (AQb(xc =ax(bxc) AS objects

AND Hom((aab(ac,d) =Hom(ax(boc),d)
SO WE EQUALLY WELL COULD HAVEPICKED THEBASIS

INDUCED BY

Hom(ax(boc),d) =0 Hom(axn,d)Hom(n, bac
n a n b

Hon(axb(xc,d)
//

Sin ~ aiJa,
usd

pre d,8,7



SO THERE ARETWO NATURAL BASES OFHOM (axbac, d)
CALLER

I F-SYMBOLS,

x 10 j-SimiasS m: 3
me

Are Y 3 can 6j-simBrs
Bl

d

CALL THECHANGE OFBASIS MATRIX[F*"I
THEN IN PICTURES

(n,,);(my,y)
a b c a b c "F-MOVE"
= IF inrssimt IfNabe50,13
B9 CAN I6

WONE

d
n,5,8

d GRECK INDICES



PENTACON EQUATIONS (ASSUREMULTIPLICITY-FREE)

a I b C

DERIVE BY W TO MOVE BETWEEN EDGES
⑧

...ZIFYanAPPLYING -
b

d

i
a↳ ji↳

Iget, d et↑
* --

etc
I



PENTACONEQUATIONS (IN FULL GENERALITT)

Fri, IF ie,Brinet, as [Fe)ig,0,us;mgs[*) inns;seal
=I [Fe) g,,;ce,,[F) (f.a.s;(m,m,x)

[BONDERSON]



DUALS RICIDITY* ISUBTLE, WON'T DESCRIBE
RICONOUSLYHERE)

1 a a*

"W ↑X4=4a* or awa
a a

a
* -

SAY
IT TO O

Suffic AnzanS
Tit moves

A

ILucarupt 1TT ~Ti RIGID
DANT,

C b
*



SPHERICALITY (IN THEMULTIPLICITT-FREECASE)

WEWON'TDISCUSS THE DERIVATION, BUT

YOU CAN "SYEEALIZE "THE SPINICAL

STRUCTURE

ta =5=13 SATISHING

t, =1

ta=ta*S tathts=[F,"te[F*a) axa[F"]s



WHAT HAVE WE DONE?

(2,G, 1, 2, 4) SPHERICAL FUSION

CATEGORY

[ISOMORPHISMS SATISFYING COHERENCEAXIONS)

"COMBINATORIALIZE "SPHEMICALFres & caNstAntS
L v

F-STMBUS -

[NE, IF."Y (,0,8);(m,x,(), tal
COMPLEX NUMBERS SATISFYING EQUATIONS)
C

6j FUSION SYSTEM"



APPLICATION:COMPUTER ASSISTED CLASSIFICATION OFFUSION CATEGORIES

LOOK FOR SOLUTIONS

NabeRao, [F" inrissima *4, ta =[I]
TO

E NasNx = No Na
FUSION Na =Sap=Na" SPIUIAL t, =1

RING Nap =Sab=Nsa* EQUATIONS ta= ta*E
NaY =Nats =N,*

S tathts=[F," te[F*a) axa[F"]s
perinbur
GainS Six, [FaboleBillatFangring.IcanseetheE



(INcomEt)
SUMMARYOFTRIVALENTGRAPHICAL CALCULUS

a b

=Sedan in ↑-s
"=da a I C a b C

= IF inrssimtB9
n,5,8

d d

I =4*
-



APPLICATION: TURAEV-VIRO STATESUM TQFT

12 SKELETAL FUSION CAT & MULTIPLICITY -FREES
I NOUT OUTPUT
-

ENE,IF"Jun,ta3
-

--> z(x) =K
(x3, T) - WICH IS AN

LOVARIAN OF

M
-

Wil THEMANIFULD

i
3-
MANIEUD

aha TEARRA
Di

= .....

MODULO

GLUING MEMIONS

CALL

T
10) vETICS The FACES

> "EDGES TIY TEMARDNA

OF T



APPLICATION: TURAEV-VIRO STATESUM TQFT

STATE sumFaf?e
T(2 Flos

WHEREA STATE IS ANAPFROM S:T- L.:Eambic,...]
↑ I labelsedge

&
whereO (a,b.c) -addd. Sde] - IF "Yet



APPLICATION: TURAEV-VIRO STATESUM TQFT

ANY TWO as T,T'

TRANSUAll
ofX BY

3 Ant
3 were is in E-Rate M

&

2 pAcitta
1- 4 MOVES

IT
SUFFCESTA ⑭

so THE S

TO SHOWFORMULA IS -

-

SUN MERTISE ---- -
INVARANT moveS
sta

WANT TO zex3,T1
=Z (X", T')



IDEAOF PROOF:

-it
is in E-

A convent to
THIALE GRAPHS

↑

diagram

=y ==y] apae
I

IF=F3 GEOe



STRICTIFICATION VS SKELETALIZATION

FUS
10 N

X
SKELET

I
X 1)

=HOM (X,il &BASIS FOR Hom(aab,c) *)
FusC

P- Y F- SYMBOLS
X INVANANS 2S ASSOCIATORS [Fa"] (m,B(;(n,d)
&x,y,z =idxez Nab

a b c

x Y2 xi2 xYz

11I FPRDir Funnd
d

①Aser
a8


