SPT AND MANIFOLD INVARIANTS: EXERCISE 4

MENG GUO

1. Recall that H*(BO4,F3) = H*(RP?,Fy) = Fy[z], € H'(RP?,F5). Show that by axiomatic definition of
Steenrod squares

Sq®'S® - Sq?Sqle = 2F !
and all others Sq’z = 0 where Sq” = Sq™ - - Sq™ for I = (i, ,in) # (27,---,1) € L%,
2. Recall that the BO,, classifying rank n vector bundle. Let f : BO; x --- x BO; — BO,, be the map

sending the n-tuple of line bundles (Ly,--- ,L,) — L; & --- L,,. You can also think of this map as the
induced map of classifying space of the group map O; - - - O; — O,,. The induced map on cohomology

f* : H*(BOn7]F2) — H*(BOl X BOn7]F2) = ®H*(B01,IF2) = Fz[l'l,l'g, s l’n]
Wi > ok (T1,0 0 Tn)
where o}, is the elementary symmetric functions on the n variables. (If you don’t believe this, consider

this map is invariant under the action the symmetric group %,, permutating copies of line bundles). Use
the definition to compute Sq'wy, and Sq?wy.

3. In the computation of Ext 4(p)(F2,F2), show that hé is the generator of Extff(o) (F3,F5), and therefore
Ext 40y (F2,Fo) = Fa[ho]

4. Show that a more general claim of last question: Extyp,)(F2,F2) = Fay], where Alz] = Faz]/(2?) and
y € ExtbI7l(Fy, Fy).

5. Show that Extpyq(Fs,Fa) = Extp(Fa,F2) @ Extg(Fa,Fs), P and Q are graded Fo-algebras.

6. Use the Adem relations Sq'Sq’ = Dosh<i (77D8a"™ 7 Sq", i < 24 to show that

(Sq'Sq* + Sq?Sq*)? = 0.

Write Qo = Sq', Q1 = Sq'Sq? + Sq°Sq'. Convince that the subalgebra generated by @)y and Q) is
F2[Qo, @1]/(QF, Q1)

7. Let A(1) the subalgebra generated by Sq', Sq®. Show that .A(1) looks like:

Dots stand for a copy Fy and vertical line means multiple by Sq'. Curly line mens multiple by Sq?

8. Try to compute Ext 41 (F2, F2)



