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Please introduce yourselves to each other, and put your names at the top of a piece of
blackboard. Take turns being the scribe: each of you should have a chance to write on the
chalkboard for at least one of the exercises.

These groupwork exercises are hard — harder than on the homework, quizzes, or exams.
That means that you should spend some time thinking and talking about them; they’re
designed to be solved in groups (the best way to learn mathematics). The problems are
roughly in order of increasing difficulty. I don’t expect any group to solve all of them.

Here’s a hint: drawing pictures — e.g. sketching graphs of functions — will always
make the problem easier.

Review of 1A

1. Compute lim
x→∞

√
9x3 − 4x

4x3 + x2 + 1
− 100

x
.

2. Compute
∫ √(5π/2)−1

x=
√

2π−1

(
ecos(x2+1) sin(x2 + 1)− esin(x2+1) cos(x2 + 1)

)
x dx. Hint: use

a u-substitution.

Integration by parts

In 1A, you learned the product rule for differentiation:

d

dx
[f(x) g(x)] =

d

dx
[f(x)] g(x) + f(x)

d

dx
[g(x)]

This is often abbreviated (fg)′ = f ′g + g′f , or d(fg) = f dg + g df . By the fundamental
theorem of calculus, the integral of the derivative of a function is the original function.
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Thus fg + C =
∫

d(fg) =
∫

[f dg + g df ] =
∫

f dg +
∫

g df . Rearranging the equality gives
the integration by parts formula, which is a kind of product rule for indefinite integrals:∫

f(x) g′(x) dx = f(x) g(x)−
∫

g(x) f ′(x) dx

What about definite integrals? Then
∫ b
a f dg +

∫ b
a g df =

∫ b
a d(fg) = [fg]ba = f(b)g(b)−

f(a)g(a). Thus: ∫ b

a
f(x) g′(x) dx = [f(x) g(x)]ba −

∫ b

a
g(x) f ′(x) dx

1. (a) Use the integration by parts formula to integrate∫
x ex dx

Hint: let f(x) = x and g′(x) = ex. What is g(x)?
(b) Based on your answer to part (a), find

∫
x2 ex dx. Based on that, find

∫
x3 ex dx

and
∫

x4 ex dx.
(c) Guess the pattern from part (b). Prove your pattern: use the integration-by-

parts formula to write
∫

xn ex dx in terms of
∫

xn−1 ex dx.

2. (a) Use the integration by parts formula to integrate∫
ln x dx

Hint: let f(x) = ln x and g′(x) = 1.
(b) Use the integration by parts formula to integrate∫

(ln x)2 dx

Hint: let f(x) = (ln x)2 and g′(x) = 1.
(c) Use the integration by parts formula to integrate∫

(ln x)n dx

3. Find a formula for
∫

f(x) g′′(x) dx by applying the integration-by-parts formula twice.
Suppose that f(1) = 2, f(4) = 7, f ′(1) = 5, and f ′(4) = 3 (and that f ′′(x) is
continuous on [1, 4]). What is

∫ 4
1 x f ′′(x) dx?

4. By integrating by parts twice and rearranging, find
∫

ex sin x dx.
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