
Lecture 12 : Convergent Sequences cont.
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Bolzano-Weierstrass Theorem :
every

bounded sequence (inM) contains a convergent subsequence.

&of 1 : We already proved that every sequence contains a monotonic subsequence. Any subsequence of a bounded

Sequence is bounded .

-> And so : any bounded sequence contains a bounded monotone subsequence.
-> We already proved that bounded monotone sequences converge. □M11

ltm
ƩProof: Let (4) be a sequence bounded in IS

, u] [ snnni!
Ula

-> [b]= Il,JUC ,u] at least one of these two ItI

halves contains a subse of (4n)

-> say [a,3] does (either ab = 1, or =A

-> By exactly same arguments at least one of [a.Jar(*b] contains infinitely many entries in my sequence.
-> divide again , pick a half containing as many say , points

∆

:

-Dwe get a nested sequence of intervals

- Build a new sequence of the left endpoints of these intervals (hm) do =

R,= eitherIor
-> In is monotonic increasing and bounded above by n.

(the collection of left endpoints is bounded so it has a supremum).
- The collection of right endpoints is bounded so it has an intimum

for each no In Sup (Set otlet inf(satot Uni) Un because every un is bigger than every I

'
(Un-en = e--soolint(nts) -sup(deointfor everyn

-> let U:= Sup(left endpoints) = int (right andpoints) Gol : build a subseq of Mr) converging to this a

↳ say (Uni)
-> know that the ith internal [hisui] contains or entries from seq (4)

so I can definitely pick one "An
,

" and pick it so that MiJMi-.
& find a subseq UniERn Sit. 1:Un

; 1Ui- Claim: this sequence converges to m

-> have seq (hi) of left endpoints
(ui) of right eubpoints Un3 (mil =(yi)

Squeeza
#now :

·Li Y:Hi Lemma : if Im given three sequences (hi). (i), (vi) S .
t

. li-Y:Ui for every ;
·limb;= lim ni = R and limb= limi = a the limy:R

sProof: Given 230 : limdi = c 1 know &Nst. /lik3 Vi>N and limits JM S.
t

. links_

Vi >M ; let i)mak (N,
M)

· if Yin then lifyin but links so lyi-UK
WIS : Hi-/

· if YiDh then UiSYibU but Ii-UKE so lYi-ukE



-> Given a sequence (No
, Nick ...)

-> Saying C is a limit of the above sequence" it FSLO the sequence entersM andea
_

legues ; this also means there are only finitely many sequence entries not in

(x- 2
,

u+5)
-DC is an acumulationpoint of (o .

D
..... ) If VEXO infinitely many sequence entries are in (x-2,

2+2)
#H is a limit then it is an accumulation point, but not conversaly.

A sea has at most one limit

but a sea can have many acc . pts.

ㆁ
These ways of writing the definition are independent of how you order a sequence.

Theorem: h is an accumulation point of (o
,

U
,

U
, . . . ) EDR is the limit of some subseq of (Bu).

#orem : Any bounded sequence has an accumulation point.

Enampla : Q is countable in particular can find N-- & :.e .
Jsay that hits every rational number

Every real number is an accumulation paint of this seq.


