
LectmeF

.23.Jan-
2026Bds

↓a time : IR is an ordered field and so is Q

S B
-" a subsetof so orded set e .

g . R or $ or 4 is :

1)) Bounded below : if J teP sit . USES tS -D any such
t is a lower bound

2) Bounded above: if ItEP S
.
t.

USES tIS -a any such t is a upper bowed

3) Bounded : if it is both bounded below ; above.

TrivialExamples: it IS) = 1 then its unique element is both lower and upper bound

*↓ S = 0 then any t is both a lower and upper bound
.

-> N is bounded below in N
-> N is not bounded above in N

-> The goal for today is to show that N is not bounded I
.

-> WOp (want to prove) : any non-empty subset of N has a least element

#horen : If SCX is bounded below in I then S has a least element

definitions ,
S is bounded below if JEEX St. USES sit-i pick such a tPort : unpacking

Define Sat S-+ ==ES-t/seS3 then S-tEN
->

so S-t has a least element call it h↳ this is positive:Sat
then let will be the least elementif S

rollary : Bounded and non-empty subsets of I have both a least and greatest element

Emple : [o , 1] := EUERR/OCK : 13 -> has a least element o

has a greatest element 1

Example : (0. 1) :=EUER/OC13-> is bounded below (by 0
"manimum"

↑minimum" is bounded above (1)=、
But has no least or greatest element :

i Uz(0. 1) then &CK is also in 10
,
1)

- i ( -a )sxisalsoin (o
.

l)

Definition : suppose S&R is non-empty ,
the Supremum of S

,
it it exists

, is the least

upper bound of S --> Sup(s)

The intimum ....... -- is the greatest lower bound -Dint(s)
i
.

e. VseS
, supls)s aud if tERR is s.

t
. VSES tIs then tzsup(s)

Example : Sup (20,
1)) = /



Reposition : sup (a, b) = b

: The definition of (a .b) certainly makes b an upper bound
.

->What we to show is that if< is an upper bound then <3b
Λ

of (a,b)
Want to rule out that(b : then it would not be an upper bound

#cases : 234 then< (a , b)-- So < is not an upper boond

(4 ,
b) so c is not an upper bound

Aciomsfor I : #IR is a field
* IR is an ordered field
* R is complete : every bounded - above subset of R was a supremum

↳
① violates completeness :EqQ1q = 23
This is bounded above (by 2) but it
it has a supremum then (sup(s))" = 2

ThorenArchimedean Principle

NCIR is not bounded above -- i.t.. DOERRS .t. VHEN nEr

i.e. FreRR, JneN s .
t

.
n > r

Bot : if N were bounded above then let We sup (N)
WI <W So -1 must not be an upper bound of N

i.s
.

JnEN S.

t. n > w- 1

but then n + 1 > W

Q

interal contains a rational numberTerem : everyx
nonempty


