
Lecture IS : Sequential limit Theorem
Q7. Feb . 2026

"Sequential limit Theorems"

horam : Suppose ACIR
, C is a cluster point of A,

and F: A-EC3-PIR is a function . Then TFAE :

1).iim f(N)--=e

2) for every sequence Un in A-503 S
.

t
./MU=, e

nave lim f(un)= ch
n -> 08

#roof: ((1)= (2)) Assuming condition (1) and first half of (2)

#Content By definition ,
Va0,St it nE(A-EV) then f) EVl

#** ->Saying Un-*C is by definition saying F &FNS.t.
if n>N then UnEVo(c)

Its : Given above thatlimf(u) =-Die W:EIM St if nM then FEVl

Given E
,

find s using (A)
,

there set &= S
,

Find N using (**) then set M=N
,

win.

*Explicitly : to see that this wins, I need to check :

-p If n >N(8S3)) then f(un) < V
,
(l)

->If n>N(S(s)] then UnE UscciLa) (**)

thus flun]eVe(l)(A)

Prot : (12)=D(1)) Assume condition (1) fails
,
12 : JE30 s.

t
. VS30

, you san find an

REA- 3031Vg() for which f(r) Ughl)

-> Fire this d and set 8 = t
-> Pick an UuEA-E031V.,n

(2) With f(un) *Vg(l)
This sequenceIhn does converge to >

claim for this sequence Unsnf hー

In fact
,

for this sequrce , f(Uu) is never close to .

S it either dosnt have a limit or its limit is far from 1
.

& in more general seltings ,
(not subsets of IR) (1)= (2) but 2)*D (1)

Grollary : Same setup : TFAE

i)limf(u) Does not exist (DNE

ii) Sequence In in A-Ec3 Withlimsu = C Stimu DNE

Prof ii)=D i) immediate ; itlinf() exists,
than every sequence converges to it is

#of i)=Dii) The sequential limit theorem said : limf(n) exists EPFUn-DC limf(u) exists and
u-> L

that all these limits we the same.



-> So it lib
,

then either :

2) some an-> has limit F(ru) DNE (what we want to show)
3) there are sequences Un- and Yn-* Sit .

limf(u) anlimfy both exist but we differa

In cusesa
)

,
1

" ↓set
E.公

{

災品 then limnsoo En =c

ButlimfEn DNE
↓

Example: A= R-503 and fu)=Nf(r) DNE

Bof : look at the Sequence In I then we have

= n and lim DNE
n6 oo

: A= 1R- {0 号箭sign(u) =贤0 ㅔ

Haim:Im Sign(K) DNE ㅢ

Aroof : take the Sequence Un =1↑ then Sign(in) = -D"LiMH) BNE

Enamp :A =1R -{0 }f(x) =sin(片 )set
h
.=) +sin(

座
) = sin((n+*)π)=(-)

"

values oscillate blu 1: -I

for this Un limf(un) DNE#


