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-ontinuous Extusion :

Suppose ACR .
cl(A) = A Wall cluster pts of A e .g.

A=503 ch(A=R ch((a,b)) = [a,b]

Suppose given F: A-DR continuous on A ; then ther is at most one function g : ch(A)-pRR S
.

t.

indead genists IDFCEI(A)limf(n) existsh* g is continuous on Ch(A)
*g(u) = f(u) it HEA

A = IR-E03 IR fa) = -sign( ) ={ 総皆装:
_there does not exist a continuous extension to cl(A] ㅣ=

A 1R-03flu2=usign( )gt'o iscontinmonsonRMUMㅅ
i
g exists

,
then g(n)= f(u) it REA

. If neCI(A) then g is assumed

continuous , we must have :

g(c ) =limn→ s(ng=linnsf(e)

Theorem :

f: R-pR S.
t

. 1)
.

F is monotonic then f is continuousSuppose
2) f is bijective (preserves theorderl(eg (0, 00 -C0,0

a= -00F: (n,b) --(ab)<, allow
b = + o

-D"image of Bunder f"port:iS : V (e (a,b), vax0 76>0 S
.
t

. V (f(1) 3/(Vs(t) .

ε

Far any function f: A--M (A, more sets) if BCA then f(B) := Ef(u)\reB3 <M

if NCM then f"(N) := EUEA/f(EN3 "inverse image (preimage) of N underf

(×( 5
(M)≠ui=

sineay
“'

V& f(700. 00))= F 1
, i] f"(f1, 1]) = RR

f
"

(ε2
,
2])= 1Rf(R) = [ ,

1 ]
close enough

#have : f(f"(N)) < N -" (f(B)) > B

moreover we do have fli) [NEDBCS"(N)
-> IfI happens to be bijective then we have f" : M-PA ; could worry if "f"(N)"means two things

in fact in this case both interpretations give the same subset of A
. Moreover

,
it is true in this case

that ff()= N f"f(B)= B.

-> Vs(f(c)) > f(Vs(3)) equivalent to showing Uc
.
FE

,
JS s

.
t

. F"(Va (f(s))) > Ug(2)

Vs(t() = (3) if is small enough a yb ; if auy look at (y) (b) theste

E=f(),
then (y) =If -> if f is monotone increasing them

f"(m)<5 (4) < f- (y)#: Vay with a<ucyb, J6s.
t

. f"((Dy)) >Ugh C := C
℃

-> S pick S =min(-f(m) , fly)-2) then win



Example: (0, 00)-> 10
, 00) is continuous *&P : 700, 00) -110, 00) is continuous

* log : (0, 00) -> (-00, 00) is continuous

&einition : Let F :A-R
,
J is bounded it f(A)CR is a bounded subset

-
>

U : RR-DIR is unboundednon - e- g .

#orem : Suppose f : (a.b)-DR is continuous
.

Then I is bounded
.

Anot: Suppose I is unbounded
.

Then I can find a sequence Un in [a .b] Sit
. "If (N))--

00"

I mean : On
,

can find Rne[a .b] St . (furil >n

Using the Bolzano-Weierstrauss I can find a subsequence YnCAn St
.MYn exists (bl although f

is unbounded
, Un is bounded)

SinceAn stays in Ca ,
b3

, yu stays in [a. b] Solimyu is in [a
# f is continuous then If (00Yn))=flyn) so /flynil converges to some finite value contradicts that Yu is

a subsequence of Ung and If(Pu)) grows uncontrollably·

rollary : Supf((, 3)) exists int i "


