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Lasttime: Suppose I= (a ,b] is a closed interval and fil-PIR is a contin function them

- is bounded

Gorollary: f(E) has a supremum .

←
↓row : In fact

, FCI) has a manimum. Equiv : sup(f(l)Ef(l)

#roof : Lan find a sequence yn in f(I) 3.%.N0Yn = Sup(f(i)

-> can find UnE] Sit. Yu = f(Un)
-> This sea of Rn's is bounded and house and has a convergent subseque
→ limWrElf is continuous so fun)=Mfr) but flon is a subse of fun)y

n->00

-"

,
∵ Ynsup(S#1) since flwn)Ef(en) have the same lint

↑ami)
_

Intermnadiate value Theorem)

Let f: [a, b]-PR be continuous then f(F) = [int(f(t) ,sup(f())]
T

equivalently , I'm claiming that it ify<sup then Jaa[as] Sit. f(n-y

SimplifiedIVT: suppose f: (b]-PR continuous and flat and f(b)>0
.

-> Then Is [b] St. f(u) =0

~ot of complicated IVT using simplified IUT

0. if inf(f(F)) = sup(f(F) then trivial
8. if not equal, pick ab' s.t · f(x) = inf(t(1)) +(b) =Sup(f(t)

Up to replacing f(u) by f5R) , can answe <b

8. up to replacing f(u) by f(u) -y, can assume y =0 -- restrict f to (aib']e [a
, b)

Now I'll apply the simplified version .

usN関 .#pot of simplified IVI: Inspect ((&)
-> If it happens to beU, done.

Else either>0 or < 0

-> In this case
, exactly one of the subintervals has fle0 and fo and pick that

subinteral and repeat .
-- If this algorithm runs forever

,
call an the sequence of left end points and bu Sequence ef

rightend points .
->These sequences both converge (monotone bounded).
-> Ibn-anl=to so liman-limbr ; final step is to say the following.
f(un)0 fn

=Dlimf(an) [O ->so flliman)= 0
e"f(bn)>o fn f)(liman) = f(limbu) = limf(br)30



them:"pIRCu,bzisand bijectivenotouio
andthGut:fiscontinuinsin-smeansiddichethn flh.) cf6h.)

儿

Strictly
and continuous. Then S: (aib]-> (((a,b]) = (f(), +(b)] is bijective ·

proof : strict monotone injective IVT=Asury

-> Suppose f: (a,b)
--R is monotone increasing

-> Suppose a<<b
· Look at limf(u) = Sup(f(n ,a]) lima、scflu) = infEfcu ' lac3

K"C

= sup{f(u)/azu<23

limf(u)< f())<inf-so is continuousn

-> Define jj( :=minf() Est is discourous =ESj(

Theorem : If monotone) This set is countable
.

#: Define Dr :=[clj/3 then D= Dr

->> If Gg ..., CnE[a,b] then Tj(i) < f(b)-f(a) so (DnI * k(f(b) - f(u)) <00
hence D is countable union of

finite sets so countable .


