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=motivating-Who is InPhase ?

Fr Phase" : = topil space of invertible

phases of gapped nD matter .

Ibosonic, no T syn .

)

#itaer 2013 : InPhase is an -spection .

In other words, there is a homotopy

equivalence
InvPhase""-MInPhase" .
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#itaer 2013 : InPhase is an -spection .

WHICH ONE ?

Conjzve (Kapustin 2014, Kitaer
? (
-

Inv Phase
- [I

y
MSO

with fermions : &Eg MSpin .

with Tsym : [IzMO.

with G sym
- [Im(so xG)

Experimentalevidentifications in Inee



Kapustin 2014 Conjecture
:

-
-

-

Inv Phase
* = [Iz MSO

Theoretical evidence (Freed-Hopkins 2016) :
-

-

Ansatz : SoCal symmetry
-

in -dimensional gappedpret
Ansatz : In-phases of

QFTs are

-

determined by their partition
functions

.

This suggests
In-Phase =** [IGMTSO(n) .

But Mo[IyMTSo() S not a spectorm .

=

It fails the "hard direction
"

"



Kapustin 2014 Conjecture
:

-
-

-

Inv Phase
* = [Iz MSO

Theoretical ericenceFreed-Hopkin2016)
:

Atz : The emergent TQFT Z
of a gapped

phase is reflection positive aka top-Ragge
-

-

reflection ~/ St : = Es.
(a) Z intertwines

is Hilbert on
() This Cy equivariance

OBord Bord
why

just
12

Freed-HopkinsTheorem :

To Echagger fructorsBrd-[13=. [Imso
.
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.

What deeper-Galoistheoryes us .

-

BVK := Syn
Qn-set u/

ob = 1 -ma =....
= ( - 1-mor=

n-mar
= C .

7-inc
.

Es .

Vech := higher Karoub
: completion of BVC .

C(Veci) :
invertible objects in Vect

This is the part of IuPhase"
that

finite constructions can see .

very-
e .s . garging

finite highe symmetries ...

always commuting projector .



Vech := higher Karoub
: completion of BVC .

C(Veci) :
invertible objects in Vect

Idea : Very is a field of depth n.
-

JF-Reutter (2026 ? )
: It makes sense

to

-
closures of deeper felds.

talk about algebraic

W" : = algebraic closure
of Vect

Thre : Veck-W" is Galois.
-

Cor : Cu(Vec) = Arte(2)
- fixed

-

points in Km(W)



↳: Cn(Vec) = At,/2
%) - fixed
:Sal

points in Km(W)
"IxH

Artex([(x) = St , /5 sphere spectrum

So there is a map Fal
- S2 , (5)->G ,

(S)

and
EmVec; = IyMFal .

Maybe Fal = So ?



Set l:= L-thy of -finite ab , garge theories .

Theorem ("Surgeryframed TQFTs")
-

There iS -
almost exact triangle

Fal-> SL
,
$-Itl

with cohomology a K(i,
4)

.

-
- fib(cof/ges1 +Fell

Compee("surgery for framed
manifolds)
-

-

There is an almost exact triangle

SPL- > SL
,
- L-Ry of finite Spectra

with cohomology a K(it ,4) .



Wheredid SPL come from? # ~/ /piecewise /

Smooth inverse

P((n) : = Epiecewise -
smooth honeomorphisms of RY

.

O (n) = &Smooth
*

homeomorphisms of123

P2 : = colim PL(n) . SPL := preserve orientation .

n-2

fr,sm fr
,
PL

↓ie : Smoothing Merry EBordn
= Burd &

Cobodism Hypothesis = Art (BordE)EPL(n)
if n4 n=Y case open .

From this vantage point, we
could ask :

why did we ever think TQFTs should

be smooth ?



O (1) = PL(1) = Art(0-category of 10, 13-cats) ·

Action trivializes on subect of 10, 03-cats ·

This S what allows to talk about

dagger categories ala
reflection positivity .

FMNPR20Sets
The conjecture allows for a deepe

version of dagger categories.

Conjecte: Wo is deeper dagger



#closing thoughts

Vec ; and wo are too finite : they
cannot capture all gapped phases, only
(some ? ) commuting projector phases.

Kitaer's argument more generally says :

E gapped pheses] is a univalent highe category.

Conjecture : It is deeper dagger

Conjecture : There is an "analytic 2
: "

-
-

dagger action is iso .

s . t. SPL- Fal

Would imply : In-Phase = IxMSPL .


